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f^^ ' Abstract. In this paper analytic equivalence of geometric transition is de- 

^\J ^ fined in such a way that equivalence classes of geometric transitions turn out 

to be the arrows of the Calabi-Yau web. Then it seems natural and useful, 
both from the mathematical and physical point of view, look for privileged 
arrows' representatives, called canonical models, laying the foundations of an 
analytic classification of geometric transitions. At this purpose a numerical 
invariant, called bi-degree, summarizing the topological, geometric and physi- 
cal changing properties of a geometric transition, is defined for a large class of 
geometric transitions. 



(N 



< 



Contents 



1. Preliminaries and notation 

1.1. The Picard number of a Calabi-Yau threefold 
K^ I 1.2. Deformations of Calabi-Yau threefolds 

^— ^ ■ 1.3. Analytic equivalence of Calabi-Yau varieties 

1.4. Deformation of a morphism 

1.5. Milnor and Tyurina numbers of isolated hypersurface singularities 
I ^ 1.6. Geometric transitions 

^—v ■ 2. Analytic equivalence of geometric transitions 

OO ! 2.1. Proof of Theorem El 

^^ i 3. Canonical models of type II geometric transitions 

3.1. Degree of a type II geometric transition 
- 4. Conifold degeneration of geometric transitions 

/\( ' 4.1. Bi-degree of small geometric transitions (and degree of type I g.t.'s) 

^ . 4.2. Conifold degeneration of small geometric transitions 

4.3. The Friedman diagram 

4.4. Local and global rigidity of small geometric transitions 

4.5. Cohomological conditions for the existence of conifold degenerations 

4.6. Example: the case of Arnol'd's simple singularities. 

5. Composition of geometric transitions 
5.1. The Calabi-Yau web can't be directly connected by small g.t.'s 

6. A few words about type III geometric transitions 

6.1. Some deduction on conifold degeneration of a type III g.t. 

6.2. Degree of a type III geometric transition 



7 
8 
8 
IC 
11 
12 
14 
18 
2C 
23 
27 
28 
29 
3C 
31 
33 
38 
41 
4S 
53 
53 
54 
55 



Research partially supported by the Italian Research Grant PRIN (2006) "Geometria delle 
Varieta Algebriche" (G.V.A.) and by the U.S. N.S.F. Focus Research Grant n. 0139799. 

1 



MICHELE ROSSI 



References 



A geometric transition (g.t.) between two Calabi-Yau threefolds is the process 
obtained by "composing" a birational contraction to a normal threefold with a 
complex smoothing. If the normal intermediate threefold has only nodal singular- 
ities then the considered g.t. is called a conifold transition (see Definitions 11.151 
and ll.lT]) . Then a g.t. is a machinery connecting each other topologically distinct 
Calabi-Yau threefolds. This feature is probably the main source of interest in the 
study of g.t.'s both in mathematics and physics. 

From the mathematical, actually algebraic geometric, point of view the story 
goes back to deep speculations due to H. Clemens [M], R. Friedman '^24,, F. Hirze- 
bruch [39], J. Werner [79] and M. Reid [65] ■ In fact the huge multitude of known 
topologically distinct Calabi-Yau threefolds makes any concept of moduli space for 
them, both varying their complex and symplectic structures, immediately wildly 
reducible. This unpleasant fact dramatically clashes with well known irreducibility 
of moduli spaces of both elliptic curves and K3 surfaces, which are the lower di- 
mensional analogue of Calabi-Yau threefolds. Actually Reid (op.cit.) underlines 
that, at the beginning (in the forties), the moduli space of (algebraic) K3 surfaces 
seemed to F. Enriques to be a 19-dimensional variety admitting a countable num- 
ber of irreducible components Mg, one for each value of the sectional genus g > 3 
[22j . Twenty years later K. Kodaira [44] was able to recover a 20-dimensional irre- 
ducible moduli space Ai for K3 surfaces by leaving the algebraic category to work 
in the larger category of analytic, compact, Kahler varieties, and discovering that 
the generic K3 surface is an analytic non-algebraic complex variety: in particular 
the moduli space M'^^^ = [J Mg of algebraic KS's embeds in A^ as a dense closed 
subset. The so called Reid's fantasy suggests that an analogous situation could 
happen for Calabi-Yau threefolds where birational transformations and small g.t.'s 
(see Definition ll.23|) could be the right instruments to reduce the parameteriza- 
tion of birational classes of Calabi-Yau threefolds to an irreducible moduli space of 
complex structures over suitable connected sums of complex hypertori. 

In physics Calabi-Yau threefolds make their appearance, in the eighties [TT], as 
the space spanned by the so called internal degrees of freedom of a certain (1 -I- 1)- 
dimensional world-sheet field theory describing superstrings' propagation in (3-1-1)- 
dimensional Minkowski space-time. The main observables of the superstring model 
are then typically determined by this internal structure (the Calabi-Yau vacuum). 
Therefore, in spite of the almost uniqueness, via dualities (and, later, A^ -theory), 
of consistent superstring theories, the superstring model remains undetermined due 
to the unavoidable uncertainty on the topology of the Calabi-Yau vacuum: this is 
the so called vacuum degeneracy problem. A solution to this problem was firstly 
proposed by P.S. Green and T. Hiibsch [30], [31], who conjectured, motivated by the 
contemporary Reid's fantasy, that topologically distinct Calabi-Yau vacua could be 
connected each other by means of conifold transitions which should induce a phase 
transition between corresponding superstring models. This latter fact, which is the 
physical counterpart of the mathematical process given by a conifold transition, 
was actually understood by A. Strominger as a condensation of massive black holes 
to massless ones [74l. 
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The synthesis between Reid's fantasy and Green-Hiibsch vacuum degeneracy 
was definitely formaUzed ten years later by M. Gross [34] with the so called Calabi- 
Yau web connectedness conjecture, avoiding the more difficult (although suggestive) 
part of the Reid's fantasy, by employing the more concrete physicists' concept of 
Calabi-Yau web, to insist in staying in the projective category. Precisely this 
conjecture states that Calabi-Yau threefolds can be arranged in a giant connected 
web whose nodes are deformation classes (i.e. analytic flat families) of Calabi-Yau 
threefolds and connections between distinct nodes (so called arrows^ are induced by 
g.t.'s. The parameterizations of deformation classes of Calabi-Yau threefolds is 
then reduced to consider all the nodes with no outgoing arrows: these are precisely 
deformation classes of Calabi-Yau threefolds, called primitive, with no birational 
contractions to normal projective threefolds, to stay in the projective category (e.g. 
whose Picard number is 1). In [131 a significative evidence for this conjecture is 
presented, announcing, by a computer check, that all the 7555 deformation classes 
of hypersurfaces in 4-dimensional weighted projective spaces can be connected each 
other by means of g.t.'s. An important point here is that the g.t.'s there employed 
can be very general and do not simply reduce to the class of conifold transitions, 
as often conjectured by physicists, or small g.t.'s, as those considered by Reid in 
connecting birational classes of Calabi-Yau threefolds with complex structures on 
suitable connected sums of hypcrtori. 
A first natural question is then the following: 

Problem (I). Assume that the connectedness conjecture is true. Is the Calabi-Yau 
web connectable only by means of 

(a) conifold transitions? 

(b) small geometric transitions? 

A positive answer to the first question (La) would have a deep meaning both in 
mathematics and in physics. 

In mathematics because of the Clemens interpretation of a local conifold transi- 
tion as a standard topological surgery from R^ x S^ to S^ x R'^ obtained by removing 
a tubular neighborhood of the exceptional P^ = S'^ and pasting in a tubular neigh- 
borhood of the vanishing cycle S^ ( [14] Lemma 1.11). Then a positive answer to 
(La) would give a simple local description of the changing in topology induced by 
a g.t. as a surgery replacing a number of exceptional S'^'s with vanishing S^'s: 
the global changing in topology would then consequently described by relations on 
exceptional ^^'s and those on vanishing S'^'s. 

In physics because of conifold transitions are among the few g.t.'s whose induced 
"phase transition" on the superstring model has been physically understood, as 
already underlined above (see e.g. [8], [42], [9] for further improvements). 

Otherwise if (La) would not be true, a positive answer to (Lb) would considerably 
reduce the spectrum of singularities, exceptional fibres and vanishing cycles one 
have to carefully examine to obtain general information about changing in topology, 
geometry and physics induced by a generic g.t.. 

Unfortunately we were not able to resolve Problem (I) in such a general context 
but, by assuming a stronger version of the connectedness conjecture, which we call 
direct connectedness conjecture of the Calabi-Yau web (see subsection 15. 1|) . we are 
able to state and prove the following 
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Theorem 15. 111 + Example 15 .121 There exist nodes of the Calabi-Yau web which 
cannot be directly connected by means of small g.t.'s. 

This fact gives a negative answer to Problem (I) under the stronger hypothesis 
of direct connectedness of the Calabi-Yau web. Anyway this negative result, being 
intrinsically related with the rigidity property of the exceptional divisor of a type II 
g.t. and then with the nature of the arising singularities on the normal intermediate 
threefold of this transition, stakes a negative claim on the possible solution of 
Problem (I). 

By the way any attempt of giving an answer to Problem (I) has to deal with the 
following, one another deeply related, questions: 

Questions. (1) What is actually an arrow of the Calabi-Yau web? 

(2) How many arrows may connect two distinct nodes? 

(3) What is the relation between g.t. 's connecting smooth fibres of the same two 
distinct nodes? 

Answering the latter question opens the way to solve the former two questions. 
Since Calabi-Yau fibres of a flat analytic family, being smooth, have to be diffeo- 
morphic, two g.t.'s Ti, T2 connecting the same nodes Mi, M2 necessarily induce the 
same change in topology and they can simply obtained each other by varying the 
complex structures of the involved threefolds. It makes then sense to say that they 
are analytic equivalent (Ti ~ T2), giving rise to the main concept of the present 
paper (see Definition 12 . 1 1 and equivalent versions given with Theorem 12 .41 Corollary 
and Remark 12. 6p . In particular it turns out that: 



Theorem 12.41 => Corollary 12.51 Two g. t. 's are analytically equivalent if and only 
if there exists a morphism deformation linking the associated birational contractions. 

Then an arrow becomes naturally an equivalence class of g.t.'s and it turns 
out that if there exists an arrow connecting Mi and M2, i-e. if they are directly 
connected (see Dcfinition l5.10p . then it is unique (see Proposition I2.3|) . 

It arises then a very natural question: 

Problem (II). If an arrow is an analytic equivalence class of g.t.'s, does it admit 
a privileged representative g.t., precisely what is called a canonical model? 

The hope is that every arrow could be represented by a conifold transition mean- 
ing that a canonical model of a g.t. is always a conifold transition. This would also 
give a positive answer to Problem (La). But unfortunately this is not the case. In 
fact: 

Proposition 14.21 A type II g.t. turns out to be never equivalent to a conifold 
transition. 

More deeply, it is possible to exhibit small g.t.'s which are not equivalent to a 
conifold transition (see the Namikawa example 14.91 and considerations in Remark 
I5.6p . Then the determination of possible canonical models for g.t.'s turns out to be 
less obvious than what one could a priori expect. 

The present paper, after the definition and a first comprehension of main proper- 
ties of analytic equivalence between g.t.'s, which is our "looking glass" for studying 
g.t.'s and their properties, concentrates on the research of canonical models. 
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Let US first of all underline that determining canonical models reveals of significa- 
tive interest both in mathematics and in physics, since a canonical model resumes 
all the main features of g.t.'s representing the same arrow of the Calabi-Yau web. 
This means that the study of changing in topology, geometry and physics produced 
by a general g.t. can be reduced to consider a (finite ?) number of canonical models. 

The main feature of a canonical model is its rigidity (see Definition I4.12p which 
means that it is a g.t. with minimal singularities in the exceptional locus and in 
the intermediate normal threefold. We obtain the following: 

Results. 

• Conifold transitions are the canonical models of any small g.t. respecting 
the cohomological conditions of Theorem I4.20^ in particular this is the 
case of the general small g.t. whose normal intermediate threefolds admits 
only ArnoVd's simple singularities (Corollary 14.23)1 . 

• (Theorem 13. ip The canonical model of a type II g.t. (which is never of 
the previous kind) is obtained by smoothing the exceptional locus of the 
associated birational contraction; then we get exactly 8 kinds of canonical 
models accordingly with the possible degree of smooth Del Pezzo surface 
giving the exceptional locus. 

Moreover it seems conceivable that: 

• (Conjecture 15. 7|) a type I g.t. admits a type I conifold transitions as a 
canonical model, 

• (Conjectures 15.81 and 15. 9|) the canonical model of a small rigid g.t. is 
the "composition" of a conifold transition with, in case, some further small 
g.t.'s, 

• ( ^6.11 (2^) the canonical model of a type III g.t. admitting as exceptional 
locus of the associated birational contraction a conic bundle over a smooth 
curve of genus > 2 is a type I conifold transitions. 

Among primitive g.t.'s it remains to consider type III g.t.'s admitting as exceptional 
locus a conic bundle over a smooth curve of genus < 1. While the case g = can 
be probably settled as that of type II g.t's, since the exceptional conic bundle turns 
out to be the blow up of a rational scroll in a finite number of points, for what 
concerns the case g = 1 I have no idea of candidates for a canonical model. 

For what concerns non-primitive g.t.'s, in the present paper we considered only 
small g.t.'s. More general g.t.'s may have so wild (canonical) singularities and very 
intricate exceptional locus that is inconceivable to think of directly finding any sort 
of canonical model. The hope is that of reducing, up to analytic equivalence, to a 
suitable composition of geometric transitions whose canonical model is known, as 
e.g. in Proposition 15.41 But to settle the general case there is still a long way to 
go. 

In classifying canonical models and related arrows it has been useful to introduce 
numerical invariants, under analytic equivalence, giving an account of the change 
in topology, geometry and physics produced by the considered equivalence class of 
g.t.'s. At this purpose we introduced a degree for primitive g.t.'s and a bi-degree for 
more general g.t.'s: in particular the first entry of the bi-degree turns out to be the 
relative Picard number of the associated birational contraction in such a way that a 
bi-degree reduces to its second entry (and then to a degree) for primitive g.t.'s. The 
second entry of bi-degree of a g.t. (and then degree of primitive ones) summarizes 
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its changing properties: e.g. for a small g.t. it gives precisely the produced increasing 
on complex moduli (see Definition 14. 4|) . Observe that in this case the first entry 
of the bi-degree gives precisely the produced decreasing of Kdhler moduli (which is 
just the relative Picard number of the associated birational contraction). Moreover 
these numerical values are of significative interest also in physics to understand the 
size of the induced "phase transition" on the superstring model. In fact, in the 
physical Strominger's explanation of a conifold transition they give precisely the 
decreasing of vector multiplets and the increasing of hypermultiplets related with 
the induced black hole condensation. 

In defining the degree of a type III g.t. we tried to be coherent with the just 
defined degree of type I g.t.'s, by calibrating the definition on type III g.t.'s admit- 
ting a singular curve of genus > 2 (see l6.ir 2') and Definition 16. 3|) . On the contrary 
for type II we preferred to relate the g.t.'s degree with the degree of the del Pezzo 
exceptional divisor since the relation with the produced complex moduli increasing 
is not very evident (see Remark I3.5[) . Probably all these definitions of degree and 
bi-degree might need to be renormalized when a clearer global context for g.t.'s 
would be known. But let us say that this is just no more than a detail. 

Let us finally recall, as a conclusive remark, that more recently g.t's has been 
newly in the spotlight due to the R. Gopakumar and C. Vafa work 27J where the 
local conifold transition is proposed as a geometrical setup for a duality between 
SU(Af) Chern-Simons gauge theories on S^ and type II-A closed string theories 
"compactified" on the resolution Opi(— 1) © Opi{—l), giving evidences of a long 
aged t'Hooft conjecture of equivalence between large N limit of gauge theories and 
some kind of closed string theory. After E. Witten's observation that a SU(A^) 
(or U{N)) Chern-Simons gauge theory is equivalent to an open type II-A string 
theory on the cotangent bundle T*S^ [82,, the local conifold transition reveals then 
as a geometrical setup for a duality between open/closed A-model string theories 
(the interested reader may also consult the extensive survey on the argument [28j). 
After the pioneering work of Gopakumar and Vafa many further local g.t's have 
been studied as a geometric setup of open/closed A-model string duality (see e.g. 
[205 among many others). More recently the same has been done for B-model 
closed/open string dualities by applying Mirror Symmetry and looking at the so 
obtained reverse geometric transition [1], [23], [17], [18], [19]. Our hope is that 
the analytic classification of g.t.'s we are sketching in this paper could be of some 
utility also for the develop of this kind of open/closed string dualities. 

This paper is organized as follows. 

Section [Tj is devoted to an extensive presentation of preliminaries with the pur- 
pose of making the present work as much self-contained as possible. Fundamental 
results and techniques for the following are the Doaudy-Grauert-Palamodov The- 
orem 11.41 guaranteeing the existence of a versal deformation space for a compact 
complex space, Z. Ran's morphism deformation technique 11.41 and Theorem 11.261 
giving a generalization to small g.t.'s of Clemens formulas for conifold transitions. 
We do not report here the proof of this latter result, remanding the interested 
reader to the preprint [55] : anyway it is completely topological and directly gener- 
alizing the proof of Clemens formulas given in [67| Theorem 3.3. Anyway for most 
applications of this result Remark (3.8) in [54] suffices. 
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Motivated by the Calabi-Yau web concept of an arrow between deformation fam- 
ilies of Calabi-Yau threefolds, the central notion of analytic equivalence of g.t. 's is 
introduced in Section [2] and Theorem 12 . 41 explains its relation with the deformation 
of associated birational contractions. 

The research of canonical models of g.t. 's starts from Section 3. In particular this 
section is dedicated to define canonical models for type II g.t.'s and consequently 
their degree. 

The extensive Section|3]is devoted to understand what kind of g.t.'s may admit 
a conifold transition as a canonical model. After the immediate exclusion of type II 
g.t.'s the spotlight turns on small g.t.'s. But also in this case it is possible to exhibit 
examples of small g.t.'s not equivalent to a conifold transition: Example 14.91 is 
obtained by drawing on an example due to Y. Namikawa |53j and further developed 
in [69j by employing R. Friedman's techniques [24]. The main results of this section 
are Theorem l4.19[ with which a characterization for weighted homogeneous conifold 
transitions is given, and Theorem l4.20l giving cohomological conditions, called local 
and global non-rigidity, for a g.t. to be equivalent with a conifold transition. In 
particular these conditions turns out to be satisfied by small g.t.'s admitting only 
Arnol'd's simple singularities: the section ends up with a local analysis on Kuranishi 
spaces of the latter singularities. 

Motivated by the fact that the counterexample 14 . 91 is given by a small rigid non- 
primitive g.t., in Section[5]the Calabi-Yau web structure is taken up to understand 
the meaning of an arrows' composition and then of composing g.t. 's. It turns out 
that the g.t. of Example l4.9l is a composition of conifold transition opening the way 
to suppose that this could be the structure of canonical models of small g.t.'s non 
equivalent to a conifold transition. The section ends up with a series of conjectures. 

The last Section |6] is then dedicated to list some known result and conjecture 
on type III g.t.'s essentially developed in '80], [42] and [12l. We remand a deeper 
treatment of type III g.t's and their canonical models to a forthcoming paper. 
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ogy and with L. Terracini for her essential contribution in creating the MAPLE 11 
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singularities" in 14.61 

1. Preliminaries and notation 

Definition 1.1 (Calabi-Yau 3-folds). A smooth, complex, projective 3-fold Y is 
called Calabi-Yau if 

(1) /Cy ^ Oy , 

(2) /ll'O(y) = /l2,0(y) ^ . 
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Remark 1.2. There are a lot of more or less equivalent definitions of Calabi-Yau 3- 

folds e.g.: a Kahler complex, compact 3-fold admitting either (1) a Ricci flat metric 

(Calabi conjecture and Yau theorem), or (2) a flat, non-degenerate, holomorphic 3- 

form, or (3) holonomy group a subgroup of SU(3) (see i 40j for a complete description 

of equivalences and implications). 

In particular the given definition is equivalent to ask for the existence of a Kahler 

metric honY whose holonomy group is exactly SU(3). 

In the algebraic context, the given definition gives the 3-dimensional analogue of 

smooth elliptic curves and smooth K3 surfaces. 

Examples 1.3. (1) Smooth hypersurfaces of degree 5 in P* , 

(2) the general element of the anti-canonical system of a sufficiently good 4- 
dimensional toric Fano variety (see [6]), 

(3) suitable complete intersections.... (iterate the previous examples), 

(4) the double covering of P'^ ramified along a smooth surface of degree 8 in P'^ 
(octic double solid). 

1.1. The Picard number of a Calabi— Yau threefold. Let Y be a Calabi-Yau 
threefold and consider the Picard group 

Pic(y) :— (Invcrtible Sheaves on Y)^ /isomorphism = H^{Y, Oy) . 

The Calabi-Yau conditions h^{OY) — h^{OY) — 0, applied to the cohomology of 
the exponential sequence, give then the canonical isomorphism 

Pic(Y)^ij2(y,z) . 

Therefore the Picard number of Y, which is defined as p(Y) := rkPic(Y), turns 
out to be 

(1) p{Y) = b,{Y) = 64(Y) = h'^\Y) . 

Since the interior }C{Y) of the closed Kahler cone JC{Y) of Y, generated in the 
Kleiman space _ff^(Y, R) by the classes of nef divisors, turns out to be the cone 
generated by the Kahler classes, the Picard number p(Y) = h^'^{Y) turns out to 
be the dimension of the Kahler moduli space ofY. 

f 

1.2. Deformations of Calabi Yau threefolds. Let X — > B be 'Aflat, surjective 

map of complex spaces such that B is connected and there exists a special point 
G B whose fibre X = f~^{o) may be singular. Then X is called a deformation 
family of X . If the fibre Xi, — f~^{b) is smooth, for some b G B, then Xb is called 
a smoothing of X. 

Let J7x be the sheaf of holomorphic differential forms on X and consider the 
Lichtenbaum-Schlessinger cotangent sheaves [471 of X, Q\^ — Sxt^ {nx,Ox)- 
Then @°^ =nom {nx,Ox) =: Ox is the "tangent" sheaf of X and 6^ is sup- 
ported over Sing(X), for any i > 0. Consider the associated local and global defor- 
mation objects 

Tk:^H°{X,e'x) , T5^:=Exf (rji,, Ox) ,* -0,1,2. 

Then by the local to global spectral sequence relating the global Ext and sheaf £x t 
(see [35] and [H] II, 7.3.3) we get 

EP-"^ = HP {X, e^) =^ TP+' 
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giving that 

(2) t^-to -i7°(X,ex) , 

(3) if X is smooth then T^ ^ H\X, Ox) , 

(4) if X is Stein then T^ ^ T^ . 

Given a deformation family X — > B oi X for each point b ^ B there is a well 
defined linear (and functorial) map 

Dhf : TtB ^ T^^ (Generahzed Kodaira-Spencer map) 

(see e.g. [56] Theorem 5.1). Recall that X — > B is called 

• a versal deformation family of X if for any deformation family {y, X) — > 
(C, 0) of X there exists a map of pointed complex spaces ft, : ([/, 0) -^ {B,o), 
defined on a neighborhood G [/ C C, such that y\ij is the pull-back of X 
by h i.e. 

y\u = uxBX — ^x 
f 

C^ ^U ^B 

• an effective versal deformation family of X if it is versal and the general- 
ized Kodaira-Spencer map evaluated a,t a E B, Dof : TqB ^ T^^ is 

injective, 

• a universal family if it is versal and h is defined on every point of C and is 
uniquely determined in a neighborhood € U G C. 

Theorem 1.4 (Douady-Grauert-Palamodov [H], [29], [55] and [56] Theorems 5.4 

and 5.6). Every compact complex space X has an effective versal deformation X — > 
B which is a proper map and a versal deformation of each of its fibers. Moreover the 
germ of analytic space {B,o) is isomorphic to the germ of analytic space {q~^{Q),0), 
where q : T^ —f T^ is a suitable holomorphic map (the obstruction mapj such that 
q{0) = 0. 

In particular if g = (e.g. when T|- = 0) then (B, a) turns out to be isomorphic 
to the germ of a neighborhood of the origin in T^. 

Definition 1.5 (Kuranishi space and number). The germ of analytic space 

Def(X) := {B,o) 

as defined in Theorem 11.41 is called the Kuranishi space of X. The Kuranishi 

number def(X) of X is then the maximum dimension of irreducible components of 

Def(X). 

Dei(X) is said to be unobstructed or smooth if the obstruction map q is the constant 

map (7 = 0. In this case def (X) = dime "^x- 

Theorem 1.6 (,56, Theorem 5.5). //T*^ — then the versal effective deformation 
of X , given by Theorem \1.4\ is actually universal for all the fibres close enough to 
X. 
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Let us now consider the case of a Calabi-Yau threefold Y. By the Bogomolov- 
Tian-Todorov-Ran (in the foUowing BTTR) Theorenu the Kuranishi space Def (F) 
is smooth and ([3]) gives that 



(5) 



def(y) = dimcT^ = h\Y,QY) = h^'^Y) 



where the last equahty on the right is obtained by the Calabi-Yau condition /Cy = 
Oy- Applying the Calabi-Yau condition once again gives /i"(8y) — /i^'°(y) = 0. 
Therefore ^ and Theorem 11.61 give the existence of a universal effective family of 
Calabi-Yau deformations ofY. In particular h'^'^{Y) turns out to be the dimension 
of the complex moduli space of Y . 

1.3. Analytic equivalence of Calabi Yau varieties. As a consequence of the 
Douady-Grauert-Palamodov (in the following DGP) Theorem 11.41 and of Theorem 
11.61 we can set the following equivalence relation between Calabi-Yau varieties. 

Definition 1.7 (Analytic equivalence of Calabi-Yau varieties). Two Calabi-Yau 

varieties Yi, i ~ 1,2, will be called analytically equivalent (or simply equivalent), 

f 
write Yi ^ Y2, if there exists a deformation family y — : 

i = 1,2 such that Y, = f^^ih). 



B and points bi & B, 



Reflexive and symmetric properties of the previous equivalence between com- 
plex spaces are clear. The transitive property is a direct consequence of the DGP 
Theorem 11.41 and Theorem 11.61 In fact if Yi ^ I2 and Y2 ^ Y3 then there exist 
deformation families X — > B, y — > C and points &i, 62 G i?, C2, C3 G C such that 

f-\b,) = Y, , f-\b2) = Y2= g-\c2) , ^3 - 9-\c^) . 

Look at the universal deformation family of Y2 whose existence is guaranteed by 
Theorems II. 41 and II. 61 it is a flat, analytic family with special fibre 



such that there exist morphisms f3 : B 
pull-back families of V i.e. 



X 



BXfjV 

f 
B 




V giving X and y as 



c x^v = y 



Then Yi = v '^{f3{bi)) and I3 = w '^{jics)) turns out to be connected by the 
deformation family V, giving their equivalence Yi ~ Y2. 

Remark 1.8. Notice that the just defined equivalence relation extends also to sin- 
gular fibers of deformation families of Calabi-Yau varieties since both the DGP 
Theorem 11.41 and Theorem 11.61 do not need smoothness of the central fibre X. 



The more general statement and proof of this theorem, actually holding for cohomologically 
Kdhler variety, is in 1761 . Special cases were previously proven in 1101 . The proof given in |77l 
uses the existence of a Ricci flat Kahler metric on Y. Finally an algebraic proof is given in | 61| . 
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Moreover it may be extended to compact com,plex spaces X whose DGP versal fam,- 
ily is actually universal e.g. when T*y = 0. 

Remark 1.9. Recall that a Calabi-Yau threefold Y is projective, as required by 
Definition ll.il In particular, by the cohomology of the exponential sequence, there 
is an ample line bundle L on Y whose first Chern class ci(L) has to be a positive 
class in H'^(Y,Z) n H^^'^{Y). Then, for any deformation family y ^ B ofY, the 
choice of L induces a line bundle Cony which is flat over B and such that C\y = L. 
In particular every fibre Yf, of y, even singular, is still projective since ci{C\y^) is 
still an integer, positive class. 

As a consequence the analytic equivalence relation between Calabi-Yau threefolds, 
even singular for what observed in the previous Remark \1.8\ is an equivalence rela- 
tion internal to the projective category. 

1.4. Deformation of a morphism. 

Definition 1.10 (Deformation of a morphism, [53] Definition 1.1). Let cj) : Y ^ Y 
be a morphism and (S, sq) a pointed analytic space. A deformation of (f> parame- 
terized by (S*, So) is a commutative diagram 



(6) 




^X 



where 



p and p are flat, 
Y^p-^{so),Y^p-\so)and(t) 



= *|p-H^o 



Given a morphism f : X ^ Y let us denote by Dei{X, f, Y) a germ of analytic 
space representing the deformation functor of the morphism /, according with the 
Definition Oni Then let 



T\ 



T} 



be the tangent space to Def (X, /, Y) 
parameterizing I'^'-order deformations of / 

be the associated obstructions' space 



(see [59] Proposition 3.1). Let Ext\{QY,Ox) be the right derived functors of 



}lomfin\-,Ox) :- llomo^{f*nl.,Ox) - Uomo^inl^J^Ox) 
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whose elements are called f -linear homomorphisms. Then there is an exact se- 
quence ([59| (2.2)) 



(7) 



T} 



llom{nlr,Ox) ® Hom(f7i., Oy) ^ Horn/ (f^^, Ox) 

9 

^Exti(r!^,Ox) 




and a spectral sequence ([55] (6)) 

(8) EP'^ =ExtP{nl.,R''^Ox)^^'Ex^t]in\.,Ox) ■ 

If f*Ox — Cy then the latter spectral sequence gives rise to the following exact 
sequence 

(9) ^ Ti, ^ Ext} (f^^, Ox) ^ Horn {n].,R^f,OY) 




^Ext}{fll.,Ox) 



1.5. Milnor and Tyurina numbers of isolated hypersurface singularities. 

Let Co be the local ring of germs of holomorphic function of C"^^ at the origin, 
which is the localization of the polynomial ring O := C[a;i, . . . , a;„+i] at the maximal 
ideal mo := {xi, . . . ,a;„_|_i). By definition of holomorphic function and the identity 
principle we have that Oq is isomorphic to the ring of convergent power series 
C{xi, . . . , Xn+i}. A germ of hypersurface singularity is defined as the Stein complex 
space 

Uq := Spec{OF,o) 
where Of,o '■= Oo/{F) and F is the germ represented by a polynomial function. 

Definition 1.11. The Milnor number of the hypersurface singularity € C/q is 
defined as the multiplicity of as solution of the system of partials of F f [48j §7) 
which is 

H{0) := dime (Oq/Jf) = dime (C{a;i, . . . ^Xn+ij/Jp) 

as a C-vector space, where Jf is the jacobian ideal ( 4^, . . . , ^^^ ] . 

The Tyurina number of the hypersurface singularity G C/q is defined as the Ku- 

ranishi number dei{Uo). Since Uq is Stein, Def(C/o) is smooth and, by (|3]), 

t(0) := def (C/o) - dime T^,,, - dime r^„ = h"{Uo,eljJ 

= dimc{OF,o/JF) = dimc{'C{xi,...,Xn+i}/{{F) + Jf)) ■ 

Then t(0) < /i(0). According with [71j . t(0) ~ fi(0) if and only if F is the germ of 
a weighted homogeneous polynomial (w.h.p.). 

An example of an isolated hypersurface singularity is given by a compound Du 
Val (cDV) singularity which is a 3-fold point p such that, for a hyperplane section H 
through p, p ^ H is a. Du Val surface singularity i.e. an A-D-E singular point (see 
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[62j . §0 and §2, and 5J, chapter III). Then a cDV point p is a germ of hypersurface 
singularity Up :— Spec{0 f,p) , where F is the polynomial of the local equation 

(10) F{x, y, z, t) := x^ + q{y, z) + t f{x, y, z, t) = , 

such that f{x, y, z, t) is a generic element of the maximal ideal mo := {x, y, z, t) C 
O :— C[x, y, z,t\ and 



(11) 


An 


q{y,z) 


^y' + z"+i 


for n > 1 




Dn 


<i{y,z) 


^y^z + z"-' 


for 71 > 4 




Ee 


q{y,z) 


^y' + z' 






Er 


q{y,z) 


= y^ + yz^ 






Es 


qiy,z) 


^y^ + z"^ 




In particular if 








(12) 




/( 


x,y,z,t) =t 





then F = in (|10|) is said to define an ArnoVd's simple (threefold) singularity ([3], 
[4] §15) denoted A„,I?„,i?„, respectively. 

The index (n, 6, 7, 8) turns out to be the Milnor number of the surface Du Val 
singularity p g t/p n {i = 0} or equivalently its Tyurina number, since a Du Val 
singular point always admits a weighted homogeneous local equation. When a cDV 
point p G L/p is defined by a w.h.p. a classical result of J. Milnor and P. Orlik allows 
to compare this index with the Milnor (and then Tyurina) number of p € t/p. In 
fact if the defining polynomial F in (jlOp is assumed w.h. of global weight w{F) = 1, 
let us denote by 'w{x),w{y),w{z),'w{t) the rational positive numbers giving the 
variables' weights i.e. such that 

a w{x) + b w{y) + c w{z) + d w(t) — 1 

for every monomial x°'y^zH'^ in F. Notice that these weights have to be < 1/2, 
since i^ e itIq. In particular we get 

(13) w{x) = 1/2 

w{y) = 



w{z) 



Theorem 1.12 (Milnor-Orlik [49], Thm. 1). Let F{zi, . . . ,Zm) he a w.h.p., with 
variables' weights u;(zi), . . . ,w{zm), having an isolated critical point at the origin. 
Then the Milnor number of the origin is given by 

(,{0) = («;(zi)-i - 1) {w{z2)-' - 1) • • • {w{zn)-' - 1) . 

By putting weights (jlSp in the previous Milnor-Orlik formula we get the following 

Corollary 1.13. Le p £ Up be a w.h. cDV point of index n. Then 

fi{p) = n (w(t)-i - 1) 



1/2 


if p is cAn, 


(n-2)/(2n-2) ii p is cD„, 


1/3 


if p is ci?6,7,8- 


l/(n+l) 


if p is cAn, 


l/(n-l) 


if p is cDn, 


1/4 


if pis cEe, 


2/9 


if p is cEt, 


1/5 


if p is cEs- 



14 MICHELE ROSSI 

Definition 1.14. The least index of a cDV point p & Up is the minimum index 
of p G Up H when i/ is a hyperplane section reahzing p as a Du Val surface 
singularity. 

For example the least index of Arnol'd's simple singularities is 1 in the An case 
and < 2 in the £'6,7,8 cases, as it is immediately verified by taking the hyperplane 
section H = {z = 0}. For _D„ Arnol'd's simple singularities notice that, after the 
coordinates change z i— > y + z, the local equation pO|) can be rewritten as follows 

x^+t^+y^{l + y"~^) + z{---) = 

giving the germ of a CA2 singular point. The least index is then < 2. 

1.6. Geometric transitions. 

Definition 1.15 (Geometric transitions), (cfr. [51], [16], [28], [67]) Let F be a Ca- 
labi-Yau 3-fold and (f> : Y —^ Y he Si hirational contraction onto a normal variety. 
If there exists a complex deformation {smoothing) of y to a Calabi-Yau 3-fold Y 
(i.e. if y ~ y, recalling II. 3p then the process of going from F to y is called a 
geometric transition (for short transition or g.t.) and denoted by T{Y,Y ,Y) or by 
the diagram 

(14) 




A transition T{Y, y, Y) is called trivial if y is a deformation of Y i.e. if y ~ y. 

Remark 1.16. Notice that asking for y to be a Calabi-Yau threefold implies that Y 
is projective, by Definition ll.li and that the normal threefold Y has to be projective 
too, for what observed in Remark ll.91 Therefore, as defined, a geometric transition 
is a "connection process " inside the projective category. 

Anyway it is always possible to realize a birational contraction from a Calabi-Yau 
threefold y to a normal non-pro jective threefold e.g. when the Picard number 
p{Y) = 1. In this case we cannot get a Calabi-Yau smoothing y of y and then a 
g.t. T{Y,Y,Y), up to relax Definition 11.11 to include non-projective elements e.g. 
by admitting strict subgroups of SU(3) as holonomy group of the Kahler metric 
(see Remark II. 2|) . For this reason M. Gross ^34] called primitive a Calabi-Yau 
threefold Y with p{Y) = 1 (or with no birational contractions to normal projective 
threefolds) . 

Definition 1.17 (Conifold transitions). A g.t. 



is called conifold {c.t. for short) and denoted CTiY, Y, Y), HY admits only ordinary 
double points (nodes or o.d.p.) as singularities. 

Example 1.18 (cfr. [32 ). The following is a non-trivial c.t.. For details see [67] . 
1.3. _ 

Let y C P^ be the generic quintic 3-fold containing the plane tt : X3 = X4 = Q. Its 
equation is 

X3g{xo, . . . ,X4) + X4h{xo, . . . , 0:4) = 
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where g and h are generic homogeneous polynomials of degree 4. Y is then singular 
and 

Sing(F) = {[x] e p4|x3 =X4= g{x) = h{x) = 0} = {16 nodes} . 
Blow up P'^ along the plane tt and consider the proper transform Y of Y . Then: 

• y is a smooth, Calabi-Yau 3-fold, 

• the restriction to Y of the blow up morphism gives a crepant resolution 
: r ^ F. 

The obvious smoothing of Y given by the generic quintic 3-fold Y completes the 
c.t. CT{Y,Y,Y). 

Definition 1.19 (Primitive contractions and transitions). A birational contraction 
from a Calabi-Yau 3-fold to a normal one is called primitive if it cannot be factored 
into birational morphisms of normal varieties. A g.t. 

Y^^Y^ — 5? 
■■■■. .--^ 

T 

is called primitive if the associated birational contraction (p is primitive. 

Proposition 1.20. Let T{Y,Y,Y) he a g.t. and cj) : Y ^ Y the associated bi- 
rational contraction. Then (p can always be factored into a composite of a finite 
number of primitive contractions. 

Proof. The statement follows from the fact that any primitive contraction reduces 
by 1 the Picard number p = rk(Pic(y)) = /i^'i(F). D 

Theorem 1.21 (Classification of primitive contraction [80], [81]). Let (j> : Y ^ Y 
be a primitive contraction from a Calabi-Yau threefold to a normal variety and let 
E be the exceptional locus of cj). Then one of the following is true: 

type I: cf) is small which means that E is composed of finitely many rational 

curves; 
type II: (f> contracts a divisor down to a point; in this case E is irreducible 

and in particular it is a (generalized) del Pezzo surface (see j62j ) 
type III: (p contracts a divisor down to a curve C ; in this case E is still 
irreducible and it is a conic bundle over a smooth curve C . 

Definition 1.22 (Classification of primitive transitions). A transition T{Y, Y, Y) is 
called of type I, LL or LLL if it is primitive and if the associated birational contraction 
: y — > F is of type I, II or III, respectively. 

Definition 1.23 (Small geometric transition). A geometric transition 

Y^^Y^ ^Y ■ 

■■■■. .■■'^ 

T 

will be called small if is the composition of primitive contractions of type I. 

Let T{Y,Y,Y) be a small g.t.. Then Sing(y) is composed of a finite num- 
ber of terminal singularities of index 1 (see [62], §1, for the definition) since 
dim.(/)~^{p) = 1, for any singular point p ^ Y. The singular locus P := Sing(F) 
and the exceptional locus E := <p~^{P) have then a well known geometry reviewed 
by the following statement. 
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Theorem 1.24 ([63], [46], [58], [50], [24]). Given a small g.t. as in (I^ then: 

(1) any p <E P is a cDV singularity, 

(2) for any p G P, Ep := (f>~^{p) — [j^Zi E!i is a connected union of ratio- 
nal curves meeting transversally, whose configuration is dually represented 
either by one of the following graphs 

An : • • • • • (n > 1 vertices) 



Dr. 




(Vi > 4 vertices) 



En '■ • • • • • • (Vi = 6, 7, 8 vertices) 



or, if p is a non-planar singularity, by one the following graphs 



Dn 




(n > 3 vertices) 




En 



(n = 5, 6, 7 vertices). 



where triangles are dual graphs representing the transverse intersection of 
three rational curves at a single point, 
(3) the normal bundle of every irreducible rational component Ei in Y is given 
byJ^EilY =Opi{a)®Opi{b) with either {a, b) = (-1,-1) or{a,b) = (0,-2). 



Remark 1.25. Notice that, for any p e Sing(y), the index n 



'pi 



associated with 



the configuration dual graph of the exceptional fibre Ep — (j>^^(p), is the number 
of irreducible components of Ep and turns out to be precisely the least index of the 
cDV point p, as defined in Definition II. 141 Their sum 



n{Y) 



n„ 



7 . '"p 

pesing(y) 



will be called the resolution number of Y and gives the total number of irreducible 
components of the exceptional locus E — Exc((/>). It do not depends on the choice 

of the resolution Y — > Y, being the sum of least indexes of points in Sing(y). 
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Theorem 1.26 (Generalized Clemens' formulas [M], [54| Remark (3.8), ,,68J. 
Given a small g.t. T{Y,Y,Y) there exist three non-negative integers k,c',c" such 
that 

(1) the resolution number of Y is 

n := 2. Up = k + c' , 

pGSing(F) 

(2) the global Milnor number of Y is 

m := 2, l^{p) = k + c" , 

pGSing(Y) 

(3) (Betti numbers) bi{Y) = b,{Y) = bi{Y) for i^2,3, 4, and 

b2{Y) - b2{Y) + k = b2{Y)+k 

II _ Jl 

64 (r) = 64 (y) = bi{Y) + k 

hiY) = 63(F) -c' = 63(f) -(c' + c") 

where vertical equalities are given by Poincare Duality, 

(4) (Hodge numbers) 

h^'\Y) ^ h^'\Y)-k 
h^'\Y) = h^'\Y)+c 

where c := (c' + c")/2. 

(5) (Euler-Poincare characteristic) 

xiY) = xiY) +n = xiY) + n + m . 

Remark 1.27. In particular, ii T{Y,Y,Y) is a conifold transition, then c' — c" — c 
and |Sing(y)| — k + c — n = Tn giving the usual Clemens' formulae (see [67] 
Theorem 3.3). 

Remark 1.28. Integers k,c',c" and c admit topological, geometrical and physical 
interpretations. Topologically k turns out to be the dimension of the subspace 
([^"-^(p)] I p e Sing(F))Q of H2{Y,Q), generated by the 2-cycles composing the 
exceptional locus of the birational resolution </> : Y — > Y. Moreover k turns out 
to be the number of independent linear relations linking the vanishing 3-cycles in 
H3{Y,Q). Degenerating F to F shrinks the vanishing 3-cycles to the isolated 
singular points of Y giving rise to k new independent 4-cycles in H4^{Y, Q). In [54] 
Y. Namikawa and J. Steenbrink observe that 

(*) k = 64(1^) — 62(1^), called the defect of Y , turns out to give the rank of the 
quotient group C1(F)/ CaCl(F) 
of Weil divisors (mod. linear equivalence) with respect to the subgroup of Cartier 
divisors (mod. linear equivalence) (notation as in [37j II. 6) meaning that the k new 
independent A-cycles in i?4(y,Q) are the homology classes of Weil divisors on Y 
which are not Cartier divisors. Since y is a reduced, irreducible and normal three- 
fold, CaCl(F) ^ Pic(F) (see [27] Propositions II.3.1 and II.6.15). Then statement 
(*) and equations H]) allow to conclude that 

(15) p(Y) ^ p{Y) = /ii'i(y) = /ii'i(y) -k = p{Y) -k => k = p{Y/Y) . 
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On the other hand c' gives the number of independent linear relations linking the 
2-cycles of irreducible components o/ Exc((/i) in H2{Y,Q). Since these 2-cycles 
are contracted by down to the isolated singularities of Y , the previous relations 
generate c' new independent 3-cycles in H3{Y,Q). Moreover c" is the dimension 
of the subspace generated in i?3(y,Q) by the vanishing 3-cycles. Geometrically 
equations (4) in the statement of Proposition [T. 261 mean that a small g.t. decreases 
Kdhler moduli by k and increases complex moduli by c: this is a consequence of ([T]) 
and (HJ. At last (but not least) a conifold transition has been physically understood 
by A. Strominger [71j as the process connecting two topologically distinct Calabi- 
Yau vacua by means of a condensation of massive black holes to massless ones 
inducing a decreasing of k vector multiplets and an increasing of c hypermultiplets. 



2. Analytic equivalence of geometric transitions 

Let us recall here the Calabi~Yau web structure as formalized by M. Gross in 
[34] . Web's nodes are given by complex structure deformation classes of Calabi- 
Yau threefolds or better, recalling DGP Theorem ll.4l and Theorem ll.61 by universal 
families of Calabi-Yau threefolds. Two of such nodes, say M. and A^, are connected 
by an arrow A^ — > A^ if a smooth element of M. is connected with a smooth element 
of Ai by means of a g.t.. The connectedness conjecture, summarizing part of the 
Reid's Fantasy [65] and of the Green-Hiibsch solution [30], [31], to the vacuum 
degeneracy problem, states that two distinct nodes of the web can always be con- 
nected by a finite chain of similar arrows, i.e. by a finite "composition" of g.t.'s 
(see Definition 15. 2p . 

Keeping in mind questions (1), (2), (3) in the introduction, consider the following 

Definition 2.1 (Analytical equivalence of geometric transitions). Let 



(16) 



Yr 






:Yi 



Yt 



'T2 



.rf 



Y. 



be two g.t.'s. We will say that T\ and T2 are analytically equivalent (Ti ~ T2) if 
Yi ^ 12, Yi ^ Y2 and Yi ^ Y2, recalling analytic equivalence between Calabi-Yau 
varieties introduced in II. 3[ i.e. if there exist two smooth families p : X ^ B , p : 
X ^ B and a flat family p : X ^ B, over analytic spaces B, B and B, such that 



-^X^ 



^Y2 



Y,' 



X 



'Y2 



Y,' 



-^ X^ 



'Y2 





p 






p 






p 


' 




' 




' 






t 



h 



B 



"2 61 e S 3 62 bi 

We will denote the deformation by the following diagram 



(17) 



B 
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Remark 2.2. Definition 12 . 1 1 introduces an equivalence relation on the set T{Ai,M) 
of geometric transitions connecting two given nodes Ai,Aioi the Calabi-Yau web. 
Reflexive and symmetric properties are clear. The transitive property follows di- 
rectly by the transitive property of analytic equivalence of Calabi-Yau manifolds, 
as defined in II. 31 In fact, given three g.t.'s 

T,{Y,,Y,,Y,)eTiM,M) ,i-l,2,3, 
such that Ti - Ts and Ta ^ T3,Jhen Yi - Y2 and Y2 - Y3 implying that Yi ^ Y3. 
The same argument applies to Yi and, by Remark 1 1.81 to 1^^, i = 1, 2,3. Therefore 
Ti ~ T3. ' ^ 

• It makes then sense to think an arrow connecting the nodes M. and Ai in 
the Calabi-Yau web as an analytic equivalence class of g.t.'s. In particular 
the quotient set 

A{M,M) ■.= T{M,M)I - 
is the set 0/ all the arrows connecting M and M . 

Proposition 2.3. Let M and M be distinct nodes of the Calabi-Yau web. Then 



i.e. if there exists an arrow Ad ^ M. it is unique. 

Proof of Provosition \2.3[ We have to prove that any two g.t.'s connecting elements 
of A4 with elements of A4 are equivalent. Precisely let Yi E M and 1^ € A^ be 
smooth elements, for i = 1,2, and let Ti{Yi,Yi,Yi) be two g.t.'s hke in (fTB]) . We 
have then to prove that Yi ^ Y2. The situation is the following: 

(1) Yi ^ Y2, belonging to the same node A4, 

(2) Yi ~ I2, belonging to the same node M, 

(3) Yi ~ Yi, for z = 1, 2, by the definition of g.t.. 

We can then conclude by applying the transitive property of analytic equivalence 
of Calabi-Yau varieties. D 

An equivalent definition of analytic equivalence for g.t.'s can be obtained by 
recalling the Definition 11.101 of a morphism deformation. 

Theorem 2.4. Let Ti ^ T2 be two equivalent g.t. 's as in |J7p . Then the birational 
contractions (pi and (J32 are connected by a morphism deformation, i.e. there exist 
an analytic space S , a commutative diagram 



X ^X 




V 

s" 

and two points si, S2 G S , such that 

• p and p are flat, 

• Yi =p-'^{si), Yi ^p-^{si) and (j)i = $|p-i(s,), fori = 1,2. 

The statement is actually a direct consequence of a Z. Ran result (_59j Theorem 
3.3). A proof will be given in the following subsection[ 



20 MICHELE ROSSI 



Corollary 2.5 (Equivalent version of the Definition 12. ip . Two given g.t.'s (Qi 
are analytically equivalent if and only if the birational contractions (pi and (j)2 are 
connected by a morphism deformation. 



Proof. Theorem 12.41 give the sufficient condition. For the necessary condition as- 
sume that (f>i and (f)2 are connected by a morphism deformation parameterized by 
{S, si, S2) and set 

B = S = B 
in the Definition 12.11 The proof that Yi ~ Y2 foUows by transitive property as in 
the proof of Proposition [2?3l D 

Remark 2.6. □ As a consequence of Coroharv 12.51 it is possible to choose 

(18) B = B = B 

in Definition 12.11 In fact if Ti ~ T2 then we can set B = S = B where S is the 
parameter space of morphism deformation $ linking the birational contraction (j)i 
and 4>2 (notation as in Theorem 12. 4p . Then equality (fT8|l follows by an iterated 
application of transitive property of analytic equivalence of Calabi~Yau threefolds, 
since Yi^Yi^Y2^Y2. More precisely look at the universal family of Yi and 
then at the universal family of Y2. By successive pull back of all the families to the 
latter one we get that X, X and X can be all parameterized by the same parameter 
space. 

2.1. Proof of Theorem 12.41 Let us start with the equivalence diagram (fT7|) and 
consider the birational contraction 

01 : Yi >Yi . 

Since Yi is normal, codimc(Sing(yi)) > 2 and 

(19) (0i)*On = Oy^ . 

Moreover Sing(yi) is composed by canonical singularities which are rational sin- 
gularities (see ^64j (3.8)) giving 

(20) Vi>0 i?'(0i)*Oy, ^0 . 



p9)) and ((20l) give the hypothesis of Theorem 3.3 in [59]: in fact put them in the 
spectral sequence ([5]), with the exact sequence ©, to get 

(21) Ext;^(f]i.^,Oy,) = 4^ 

Ext^^(f|i.^,Ov.) = T|^ 
The surjectivity in the second relation follows by observing that 

since £;^« is the direct hmit of ^p-? (see [26] § 1.4.3) and 

El^^ = Exti(r!i,^,i?i(0i),Oy,) = ^ ^^1 = 



This Remark answers a question of R. Donagi. 
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The Calabi-Yau condition for Yi gives 

and, by Hartogs' Theorem (see the foUowing Lemma |4T0]) and the Leray spectral 
sequence, also Hom(fii^ , Oy ) = 0. Moreover, by p9|) . 

Hom^, {n^^ , Oy, ) = Hom(r!l.^ , O^ J ^ . 

Therefore the exact sequence ([7]) can be rewritten as follows 

^Tl^^ Ti.^ ® Ti.^ ^!i^ Ext;^ (n^-^ , Oy, ) 



(22) 




■ Tl-^ e T|.^ 



^Ext^^(17i.^,OyJ 



Lemma 2.7. Lei 



y. 



a — (CK1,Q2) 



^^10^2- 



/3=/3i+/32 



-w 



&e an exact sequence of modules, with a^ G Hom(y,yli) and /3i G Hom(yli, VF), /or 
i = 1,2, and assume that (3j is surjective. Then a,i, with i ^ j, is surjective too. 

Proof. Let us assume i — 1 and j — 2. For any a (^ Ai consider w := — /3i(a). 
Since (32 is surjective, there exists b €z A2 such that (32(b) — w, meaning that 
(a, b) £ ker/3 = Ima. Therefore there exists v E V such that 

a{v) — (a, 6) =^ a = ai{v) . 



Apply conditions 
(23) 



D 
nj and Lemma [2.71 to the exact sequence (P^ . Then 

ker(Q;2) = Im(ai) = Ty^ 

ker(/32) = Im(/3i) = T|,^ . 

Moreover a2 is surjective implying that 

(24) Im(a) =0 = ker(/3i) . 

The first relation in ([^5]) says that Tj^ = Ty which means that a T'^-order defor- 
mation of the resolution Yi always gives a f^'-order deformation of 4>i and viceversa. 
On the other hand ([M)) and the second relation in ([^5]) mean that T? = Ty hence 
every unobstructed deformation of the resolution Yi generates an unobstructed de- 
formation of the birational contraction (f)i , and viceversa. If we now consider the 
deformation connecting Yi and Y2, it generates a deformation of 4>i: more precisely 
there exists a pointed analytic space (5, si) and a commutative diagram 

Yi^ ^X 




where 
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• p and p are flat, 

• Yi ^p-^{si), Yi =p-^{si) and (f>i = $[^-1(5^), 

• 3s2 e 5 such that F2 = P^^{s2)- 



Theorem 12.41 is proven if it is shown that: 

(1) Y2=P~\S2), 

(2) 02=*|p-i(.,). 

Clearly if (1) is true then (2) follows, since $1^-1(^2) and ip2 are both simultaneous 
resolution of Sing(y2) with the same domain ¥2- To prove (1) observe that the 
BTTR Theorem [75], [10], [77], [S] ensures that Def(ri) and Def(r2) are smooth, 
since Yi and Y2 are Calabi-Yau threefolds. Moreover 

Def(yi) - H\Y,,eYj - H\Y2,Qy,) = Def(y2) , 

since Yi and I2 are analytically equivalent. Let then U he a germ of complex space 
representing Def(Yi) = Def(y2) and 



n^ 



ui 



-^U^ 



u 



^Y2 



U2 



be the universal family of both Yi and Y2 . We can then assume the base S of the 
family A" to be a simply connected subset of U and Si — Ui, i — 1,2. On the other 
hand Ti ~ T2 and there should exist an analytic, flat family connecting Yi and Y2 
as follows 



Fi^ 



Wi 



-^V^ 



V 



^Y2 



W2 



Since, for i = 1, 2, the Kuranishi space Def (Y^) parameterizes the universal family 
of Yi we get a commutative diagram 



(25) 



Def(Y 




Def(Y2) 



Di 



Recall now that there exist well defined morphisms Def(Yi) -^ Def(yi), i = 1,2 
(see [78] Theorem 1.4.(c) for maps between deformation functors and [45] Propo- 
sition (11.4) for maps between analytic representatives) completing ([25]) with the 
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following commutative diagram 

(26) Def(Fi) 
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DefCFa) 

Observe that p^^(s2) is the fibre over £'1(^2) G Def(yi) in the universal family of 
Yi. On the other hand Y2 is the fibre over (3i{w2) € Def(yi) in the same family. 
(1) would then be proven if Di{u2) = /3i(w2). This latter equality actually follows 
by the commutativity of diagram (pS)) . In fact 



Di{u2) ^ f o D2iu2) , /3i(u;2) = / 0/32(^2) 
and D2{u2) ~ (32{w2) since they both give the origin in Def(y2)- 



D 



3. Canonical models of type II geometric transitions 
Let us consider a type II g.t. 



(27) 



Y- 



^Y- 

T 



:Y 



Recalling Theorem II .2 II and Definition 1 1.22| (j) turns out to be a primitive contrac- 
tion of an irreducible divisor E C Y down to a point p G Y. Let us summarize 
what is known (for more details the interested reader is remanded to [3H] , [S5] , [57] , 
[75], [66], [33] and 04]). 

about the singularity p ~ 4>{E): it is a canonical singularity and in partic- 
ular it is a rational Gorenstein singular point. The Reid invariant k oi p 
(see [55]) can assume every value 1 < fc < 8 and 

• for fc < 3, p is an isolated hypersurface singularity; 

• for k > A, p has multiplicity k and embedding dimension 



dim(?7ip/?Ti 



1 



in particular, for fc = 4, p is a complete intersection singularity and, 
for fc > 5, p is never a complete intersection singular point; 
about the exceptional locus E of cj): it is a generalized del Pezzo surface 
(see [HI], Proposition (2.13)) which is: 

• either E is a normal del Pezzo surface of degree 1 < d — K^ < 8 |j; 
in particular the degree d equals the Reid invariant fc of p = 0(£'); 

• or £' is a non-normal del Pezzo surface (see [66] ) of degree Kj^ — 7. 



The values and 9 cannot be assumed by fc = d: the former since E has ample anti-canonical 
bundle, the latter because II27I I is a transition while the contraction of a normal del Pezzo surface 
of degree 9 down to a point do not admit any smoothing: in this case E = V'^ and {Y,p) is rigid 
(see [2] and [72]). 
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Theorem 3.1. LetT{Y,Y,Y) he a type II g.t. as in JgTJ j. Then it is equivalent to 
a g.t. 



Y'- 



-Y 

T' 



'Y' 



such that E' = Exc((/>') is a smooth del Pezzo surface. Then T' will be called a 
canonical model ofT. 

Proof. The statement is a direct consequence of a result obtained by M. Gross in 
proving Theorem 5.8 of [33]. In fact, by Corollary 12.11 it is enough to show that 
the primitive birational contraction cj)' is a deformation of the primitive birational 
contraction (j). At this purpose let us consider the morphism given by the inclusion 

E ^-* Y, where E — Exc((/)), and look at the l***-order deformation of it, parame- 
terized by the tangent space T^^ to Def (£■, i, Y), under the Z. Ran's notation of [55] 
Proposition 3.1, as already introduced in 11.41 Then the exact sequence (O gives 
the following 



(28) 



Tj 



Tj 



liom{nl,OE)®'iiom{n].,OY) ^ Hom,(r2^, Oe) 



^Extl{nl.,OE) 




^Exti{ni.,OE) 



Since Y is smooth, we get 

Tl.= H\Y,eY) and T^- = H^{Y,Qy) 

and moreover, since fly is a locally free sheaf of finite rank, 

Vfc > £xt''{nlr,i^OE) = £xt''{OY,i*OE) ® ey = 

(see 137] § III, Propositions 6.3 and 6.7). On the other hand the Theorem on Formal 
Functions (see e.g. [33 j HI. 11) gives that R'^i^Oe = 0, for any A: > |j, implying 
that, by the spectral sequence ^ applied to the inclusion i and the local to global 
spectral sequence, 

VA: > Ext^in]., Oe) = Ext''{n\.,i,OE) = H''{Hom{i*nl-,OE)) = H''{Qy\e) ■ 

The fact that F is a Calabi-Yau threefold gives the vanishing 

Hom(f7i., Oy) = H°{Qy) = H°{n\r) ^ . 



Since i is a closed embedding, the liigher direct images R^i^Oe actually reduces to the 
cohomology H^{E,Oe)- To avoid an unnecessary use of the Theorem on Formal Function one 
may then observe that _E is a generalized del Pezzo surface giving 

H^{E,Oe) = H°{E,uje) = 
H'^(E,Oe) = H'^{E,uje) = 



as will be observed later. Viceversa the use of the Theorem on Formal Function gives a further 
proof of the latter vanishing in cohomology. 
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Then the exact sequence (|28|) can be rewritten as follows 

(29) H°{E,Qe) ^-^H"{E,Qy\e) 




d _ 

""^H\E,Qy\e) 

where Qe '■= 'Hom{il^,OE) is the "tangent" sheaf of E (recall that E may be 
singular and even non-normal). 

Claim (1). The morphism f : H"{E,eE) ^H"{E,eY\E) in IM is an iso- 
morphism. 

Proof of Claim (1). Let Ie be the ideal sheaf oi E gY and recall the co-normal 
sheaf exact sequence 

(30) Ie/II — ^n^Y®OE — ^n]s ^0 . 

Since Ti.om,( ■ ,Oe) is a contravariant left exact functor we get 

^-Qe ^QyIe ^^fE\Y 

where AfE\Y '■— T^o m {Te/T]^, Oe) is the normal sheaf of £■ C F, which turns out to 
be the dualizing sheaf uje because of K-y — Oy ■ Since E is & generalized del Pezzo 
surface, loe — £*£(— 1) and H'~'{E,uje) — 0, giving the claimed isomorphism. D 

Consequently the morphism H^{E,<dY\E) ^^l factorizes by giving the 

following exact subsequence of ((29|) 



(31) 



0' 



ai 



a2 



■ TTl ^^ T], e H\Y, By) —^ H\E, Qy\e) 

d 



T? 



/32 



/3] 



- Ti e H\Y, Qy) ^^ H'{E, &y\e) 



Claim (2). Consider the morphism T^ iJi(y, Gy)— ^^i/i(£', Gylij) in ^ 
and write 0.2 = 02,1 + a2.2 with 

a2,i e Hom(Ti;,iJi(^,ey|B)) 

a2,2 e Hom(i/i(r,eY),i/i(^,ey|B)) . 

Then a-is is an isomorphism and 0:2,2 is surjective. 

Sketch of proof of Claim (2). Let us at first observe that T^ = Ext^(r2]j,C'£;) and 
the exact sequence ([5(I| gives 

(32) — > Hom(f]i;, Oe) -^ Hom(fii, ® Oe,Oe) ^ Hom(j£;/l|, Oe) 



Ext\n]„OE) ^Ext\n\.®OE,OE) — ^-Ext^lE/ll^OE) 
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where / is just the morphism considered in Claim (1): it is an isomorphism since 
Hom(X£;/X|;,C'£;) = H^{Me\y) — 0- Moreover the local to global spectral se- 
quences 

EP-" = HP{8xt'^{nl.<»OE,OE)) =^ Ext^'inl. ^Oe,Oe) 
EP'''^HP{£xt'^{lE/ll,OE)) =^ Ext"(li=;/I|,0£) 
allow to write down, by the associated lower terms exact sequences, 

(33) Ext\nl^ ^Oe,Oe) = H\E,Qy\e) 

Ext\lE/Tl,OE) - H\EMe\y) ■ 
Then ((32)) reduces to the following exact subsequence 

^¥.xt\n\„OE)^^^H\E,QY\E) >-H^{E,Me\y) 

in which H^{Me\y) — H^{oje) — 0, since _E is a generalized del Pezzo surface (see 
[38] Prop. 4.2 and [66] Cor. 4.10 or the prevoius footnote [4]) . 

On the other hand the surjectivity of 02,2 follows by considering the cohomology 
associated with the structure sequence oi E C Y twisted by Qy 

^OYi-E) ^Gy ^QyIe ^0 . 

In fact M. Gross had shown that H^{E,Qy{—E)) = (the interested reader is 
remanded to [33], Claim 1 in the proof of Theorem 5.8 and Lemma 5.6). D 

Consequently 02 is surjective and the morphism H^{E, Qy\e) ^Tf factorizes 



by giving the following splitting of the exact sequence ([31]) 

(34) ^TJ^^T'e (S H\Y, eY)^^H\E, OyIe) ^0 

^T^^l^Tl (SH\Y,eY)^^H^E,eY\E) 

Applying Lemma 12.71 and the previous Claim (2) to the first sequence in (|34|) we 
get that «! = («!. 1,0:1.2) is composed by two isomorphisms and precisely 

Tl "^' T^ , X^ "^' H\Y, Qy) ^ T^ . 

Let now cj) be the primitive type II birational contraction of the g.t. T{Y, Y, Y) and 
recall ([23|) and considerations which immediately follow. Then we get the following 
chain of isomorphisms 

(35) T], = Tl = Ti. = T; . 

Recall now that E is smoothable (see [53] Lemma 5.6 (iii)): in fact H^{E, Qe) — 
and the lower terms exact sequence of the local to global spectral sequence con- 
verging at Ext"(ri^,C'£;) gives the surjection 

(36) T], ^T'e , 

meaning that any small deformation of a neighborhood of the singular points of E 
is realized by a global first order deformation of E. 

At last the second exact sequence in (|34)) asserts that the morphism /3i = (/3i,i, /3i,2) 
is injective, meaning that obstructions to extend a deformation of i give actually 
obstructions to extend the induced (by ([35]) ) deformations of £■ and Y. But F is a 
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Calabi-Yau threefold and Def (F) turns out to be smooth, by the BTTR Theorem. 
This is enough to conclude that it is possible to recover flat families 



■y — ^y 





B 

such that: 

(1) y is a smooth family, 

(2) there exists G i? such that 

S = e-i(0) , r^j/-i(0) , F^f-i(O) and tJB = z , $|y = , 

(3) for a generic ^ t £ B, Et := e^^{t) is a smooth del Pezzo surface, it '■— tl^t 

is the inclusion Et ^ Yt := y^^{t) and 4>t := ^\Yt '■ Yt >-Yt := y^^{t) is 

a birational contraction such that Exc(0t) = Et. 

The proof of Theorem O ends up by setting E' ^ Et,Y' ^Yt,Y' ^ Yt and Y' be 
a generic smoothing of y . D 

3.1. Degree of a type II geometric transition. 

Definition 3.2 (Degree of a canonical model). A canonical model of a type II g.t. 
is said of degree r, with 1 < t* < 8, if the smooth exceptional del Pczzo surface has 
degree r. 

Corollary 3.3. Let Ti and T2 be type II canonical models. Then 

Ti^Ta =^ degTi-degT2 . 



Proof. The statement follows by (|35p and the fact that smooth del Pezzo surfaces of 
different degree cannot be analytically equivalent since they have different second 
Betti numbers. D 

Definition 3.4 (Degree of a type II g.t.). The degree of a type II g.t. T is the 
degree degT' of a canonical model T' such that T ^ T' . The previous Corollary 
13.31 ensures that this definition is consistent. 



Remark 3.5. Observe that if T{Y, F, Y) is a type II canonical model with dcg T < 5 
then the difference 

c:=h^^'^{Y)-h^'^{Y) 

is univocally determined by degT. In fact, as observed in the recent |41| Theorem 
3.3 and Remark 3.4, 

degT = l =^ c = 29, 

degT = 2 =^ c=17, 

degT = 3 =^ c=ll, 

degT = 4 =^ c = 7, 

degT = 5 =^ c = 5. 

We remand the interested reader to [JT] for further details and for several examples 
(of canonical models of different degree) of type II transitions. 
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Remark 3.6. Let us observe that isomorphisms psp reflect on the fact that a smooth 
del Pezzo surface E embedded in a Calabi-Yau threefold Y is a stable submanifold 
in the sense of Kodaira, since h^{ME\Y) = (see |43| Theorem 1). 
In fact, by the Adjunction Formula, ICe — JCy ® J^e\y — J^e\y and, by Serre 
duality, H^{AfE\Y) = H^{Oe) ^ since S is a blow up of P^. 

Remark 3.7. If i<^ is a normal del Pezzo surface with degE = fc > 5, then the 
surjection ((36|) turns out to be an isomorphism since H^{E,Qe) — (see [75] 

§6). This fact actually means that locally the birational contraction Y ^Y is 

analytically rigid, which is that it is locally analytically univocally determined by 
E = Exc((/)) and the normal sheai AfE\Y (see [7S] Def. 2.2). 

4. CONIFOLD DEGENERATION OF GEOMETRIC TRANSITIONS 

Conifold transitions are the easiest g.t.'s to understand both by the mathematical 
and the physical point of view. It is then natural try to understand which g.t. 's are 
analytically equivalent to a c.t.. These g.t.'s will be called conifoldable and it would 
seem quite natural that canonical models of conifoldable g.t.'s would be given by 
conifold transitions in the same equivalence class. Is this consistent with e.g. the 
choice of canonical models of type II g.t.'s given in section [3]? 

Definition 4.1 (Conifold degeneration of a geometric transition). A conifold tran- 
sition 



CT 

is said to be a conifold degeneration of a g.t. T 

Y^^Y^^-^-^Y 
■■■■. .--^ 

T 

ii T r^ CT (notation as in Definition 12. ip . By Theorem 12. 4[ this actually means 
that ijj is a deformation of <j). A g.t. admitting a conifold degeneration will be 
called a conifoldable geometric transition (c.g.t.). 

Proposition 4.2. A type II g.t. T{Y,Y ,Y) cannot be equivalent to any small g.t.: 
in particular it is not conifoldable. 

Proof. Observe that an equivalence between T and a small g.t. T' would give 
a deformation of the birational morphism 4> : Y —^ Y and then an unobstructed 

deformation of Y along which the closed embedding of the exceptional divisor E ^^ 
Y can't be deformed. This fact contradicts the chain of isomorphisms (|35|) and the 
injectivity of morphism /3i in the exact sequence (|34|) implying that unobstructed 
deformations of E and Y generate unobstructed deformations of i. D 

This proposition answers affirmatively the opening question of the present sec- 
tion. The following definition is then consistent. 

Definition 4.3 (Canonical model of a c.g.t.). If a g.t. T admits a conifold degen- 
eration CT ^ T then CT is called a canonical model of T. 
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4.1. Bi degree of small geometric transitions (and degree of type I g.t.'s). 

By Theorem 11.261 it is possible to naturally attach a couple of integers to a small 
g.t. 

Definition 4.4 (Bi-degree of a small g.t.). Let T{Y,Y,Y) be a small g.t. such 
that 

k = h^'^{Y)-h^-\Y) 
c = h'^'\Y) - h^-\Y) . 

Then we will set bi-deg(r) := (fc, c). 

Remark 4.5 (Degree of a type I g.t.). As already observed in Remark 1 1.281 the bi- 
degree of a small g.t. T{Y,Y,Y) resumes a number of topological, geometric and 
physical properties of T. In particular, by (jlSp . k gives the relative Picard number 

p{Y/Y) of the birational contraction Y — > Y . Therefore if T is primitive then it 
is a type I g.t. and bi-deg(T) = (1, c). It makes then sense to set 

degT:=c 

defining a degree for a further kind of primitive g.t.'s beyond the case of type II 
g.t.'s, already settled in Definition 13.41 Hence the general philosophy is that a hi- 
degree is needed in presence of a "composition" of primitive g.t.'s where the first 
entry k gives exactly the cardinality of such a "factorization" (see the following 
section [5|). 

Moreover observe that degT > 1 for a type I g.t. T (analogously to the case of 
a type II g.t) since AegT{Y,Y,Y) — would give n = m — k — 1 meaning that 
Sing(y) is composed by a unique node. But this is a contradiction because in this 
case Y cannot admit a Calabi-Yau smoothing Y [23 • 

Proposition 4.6. Let Ti and T2 be small g.t. 's. Then 

Ti ~ T2 =^ bi-degTi = bi-degT2 . 

Proof. The statement follows immediately by Theorem 11.261 (3) by recalling that 
analytical equivalent Calabi-Yau threefolds have the same Bctti numbers. D 

This proposition allows to extend to every c.g.t. the definition of bi-degree given 
above for a small g.t.. 

Definition 4.7 (Bi-degree of a c.g.t.). If T is a g.t. admitting a conifold degener- 
ation CT ^T then set 

bi-degT :=bi-deg CT . 

Remark 4.8 (Degree of a primitive c.g.t.). If T is a primitive g.t. admitting a coni- 
fold degeneration CT ~ T then CT is a type I g.t. and its bi-degree is determined 
by deg CT as defined in Remark 14.51 Then we can naturally define 

degT :=deg CT 

further enlarging the class of primitive g.t.'s to which we are able to attach a degree 
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4.2. Conifold degeneration of small geometric transitions. As proved by 
Proposition [121 it is not true tiiat every g.t. admits a conifold degeneration. Any- 
way the same question can be restricted to the class of small g.t.'s where the 
exceptional locus is composed by trees of rational curves meeting transversely. In 
this case the problem is that of understanding if there exists a deformation of the 

small resolution Y — > Y such that each tree of rational curves split up into mu- 
tually disjoint rational curves whose normal bundle is 0(— 1) © 0(— 1). In spite of 
what one could expect this is also not generally true, as shown by the following 
example due to Y.Namikawa. 

Example 4.9 ([53J Example 1.11 and Remark 2.8, [55]). Let S be the rational 
elliptic surface with sections obtained as the Weierstrass fibration associated with 
the bundles homomorphism 

(37) (0,5) : £ = Opi (3) e Opi (2) e Opi *- C'pi(6) 

ix,y,z) I s- -x'^z + y^ + B{X) z^ 

for a generic B E H^{P^,Opi (6)) i.e. S is the zero locus of (0, B) in the projectivized 
bundle ¥{£). Then: 

(1) the natural fibration 5 — > P^ has generic smooth fibre and 6 distinct cuspidal 
fibres, 

(2) the fiber product X :~ S Xpi S is a threefold admitting 6 singularities of 
type II X //, in the standard Kodaira notation |44j . 

(3) X admits a small resolution X — > X whose exceptional locus is composed 
by 6 disjoint couples of {—1,-1) -curves intersecting in one point i.e. 6 
disjoint A2 exceptional trees in the notation of Theorem \1.24\ ([53J §0.1, 
[69] Proposition 3.1), 

(4) X is a special fibre of the family of fiber products Si x pi S2 of rational elliptic 
surfaces with sections: in particular for Si and S2 sufficiently general X — 
Si Xpi 5*2 is a Calabi-Yau threefold giving a smoothing of X ( [73] §2, [69] 
Proposition 2.1 (1)). 

Since cf) is a, small, crepant resolution, X turns out to be a Calabi-Yau threefold 
and 

(38) X-^X'^-^X 

T 

is a small non-conifold g.t.. Let p be one of the six singular points of X, locally 
defined as a germ of singularity by the polynomial 

F := x'^ - z'^ -y^ + w^ e C[x, y, z, w] 

f [69] Remark 2.9), and consider the localization near to p 

(39) Up:^ct>-^{Upf >-X 

Up := Spec Of,p^ ^ X 
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which induces, since p is a rational singularity, the following commutative diagram 
between Kuranishi spaces 



(40) 



Dei(X) 

D 



Bei{Up) 



Def(X)^Def(C/p)=T^^ 

where the horizontal maps are the natural localization maps while the vertical maps 
are injective maps induced by the resolution (j) (see |78) Propositions 1.8 and 1.12, 
[45] Proposition (11.4)). Then 



(41) 



Im{lp 







del (C/p) = 1 
Im(Zp) n ImiDioc) = 

([69] Theorem 3.6) meaning that 

(5) no global deformation of X may induce a local non-trivial deformation of 
Up; in particular 4>~^{p) turns out to he a rigid A2 exceptional tree and 
T{X,X,X) cannot admit any conifold degeneration. 

4.3. The Priedman diagram. Let : F — > F be a small birational contraction. 
Then it is well defined the following commutative diagram 

(42) 



O^H^iR°<j)^&Y) 



^T\- 



Si 



H\e-, 



-^Tl^ 






-4 



-^H^{W<t>.QY) 



■H\Q-, 



■Tl 



■T|. 



where: 



• the first row is the lower terms exact sequence of the Leray spectral sequence 
of (^*9y, recalhng ([3]) since Y is smooth, 

• the second row is the lower terms exact sequence of the Local to Global 
spectral sequence converging to T^ = Ext"(rii^, Oy), 

• the vertical equalities come from the following application of Hartogs The- 



Lemma 4.10 ( 24J Lemma (3.1)). R^cfy^Qy ^ 9^ . 

Since Sing(F) is entirely composed by rational singularities (actually cDV sin- 
gular points, by Theorem 1 1.24|) . for any p G Sing(F), a localization diagram similar 
to ()39|) is defined and induces a commutative diagram between Kuranishi spaces as 
in ([40]) . which can be rewritten in the present context as follows 



(43) 



Def(y) 



■Def([/p) 



D 



Du 



Def(F)-^Def(C/,)=T^^-Ti,^ 
The last isomorphism conies from ([4]), since Up is Stein. 
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Proposition 4.11. The central part of the Friedman diagram 114 S^ is the differential 
of diagram |^5| ) extended to every point in Sing(y). In particular, for any p G P := 
Sing(F), 

(1) Ti,^ - iJi {Up, &u,) = H" (R'cl^^Ou,) and H° {R'cb^Qy) - e^^p T^,^ ts 
the tangent space to YineP^^^^^P^ ' 

(2) Tjj = Tjj and T^ — ®j,ep 7"^ is t/ie tangent space to HpeP Def (C/p), 

(3) morphisms Sioc and Si in diagram {4-^ are injective. 

Proof. To prove (1) observe that Up is smooth and, by (3) in subsection 1 1.21 T^ ~ 

H^ {Up,Qup)- Apply now the Leray spectral sequence for the cohomology of Qjjp, 
whose associated exact sequence gives 

By Lemma l4TT0l R^(j)^Qu^ = 6^- and H^iQjj ) = 0, for z > 0, since Up is Stein, 
giving the first isomorphism in (1). 

On the other hand, to prove (2), the local to global spectral sequence converging 
to T^ gives 



0- 



-H' {^Up)^^k^^k^H^ (%J 



and we can conclude as before to get the first isomorphism in (2). 

The complete statements of (1) and (2) can now be obtained as an easy application 

of the local cohomology sequence 

(44) 

^H" (Y, T) ^H^ (Y, T) ^iJ" (y* , t] ^H], (Y , T) ^ • • • 



where F* = F \ P and J^ is given either by i?V»©F or by Gi. = £xt^{nL, Oy) . 
Precisely, for T = R^^i^Qy, by the Theorem on Formal Functions (f37], III.ll), we 
get 

(45) H° (y*,R^(I)^Qy) = 

VpeP i7"(c7;,i?V*0c/J = 
since (t>\Y\Ei is an isomorphism. Then 

H°{Y,R^cl)^eY) = H%(Y,R^cJ),Qy) 

= ^H^{Up,R'^.eu,) 

pGP 

peP peP 

where the first row is obtained by applying the first vanishing in (I45p . the second 
row is an application of the Excision Theorem f [36] Prop. 1.2.2) and the last row 

is obtained by the second vanishing in (|45p and by localizing (j44p near to p. 

i_ 
y 



On the other hand, for JF — Ql^, we get 



H"ir,G'y) = 



vpep H°(u;,e^ 



= 
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since the sheaf Q^ is supported on P = Sing(F). Then, as before, we get 

peP 

peP peP 

To prove statement (3) in Proposition 14.111 observe first of all that exactness of 

rows in diagram (|42| shows easily that 6ioc injective implies 6i injective. 

To prove that 6ioc is injective we will repeat here an argument of R. Friedmann (see 

[21] Proposition (2.1), (2)). 

Let us first of all recall the following result of M. Schlessinger (see [72] Theorem 2) 

(46) Ti =i/i(c7;e^j 

where Up -.^ Up\ {p} . Set 

U* ■■^i[jUp\\P and U* ■.^i\JUp\\E . 
\pGP J \peP J 

Then U* — ^^^ JJ* is an isomorphism and (|46)) . with isomorphisms in (1) and (2), 
allows to conclude that 

peP 

peP 
and Sloe can then be obtained by the local cohomology exact sequence 
^Hl: ([/, Ou) ^H" ([/, e^) ^H° {U*,Qu) 



Hi {u, eu)—^H' {u, eu)^^^H' iu*,eu) — - • • • 

By Hartogs' Theorem H° {U, Qu) = H^ {U*, Qu) ■ then 

keiiSioc) - i^i (C/, Oc/) = , 
where the vanishing can be obtained by a depth argument, since codim^/ E — 2. D 

4.4. Local and global rigidity of small geometric transitions. 



Definition 4.12 (Local and global rigidity of a small g.t.). Let T{Y,Y,Y) be a 
small g.t. and observe that the first row in diagram (|42|) gives that /i^(Oy) < 
h^iOy)- In the following T will be called analytically rigid (or simply rigid) if 

(47) h\Y,QY)^h\Y,eY) (i.e. if Im A = 0). 

On the contrary T will be called non-rigid if the previous condition is violated i.e. 
if /i^(9y) < /i^(0y) and Im A ^ 0. Moreover, by Proposition l4.11l (1). it is possible 
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to decompose 

Im A = ^H Ini Xp 

where Ty —^ T^ is the composition of A with the projection i/''(i?^0*Oy) -» T^ . 
Then T wiU be caUed analytically rigid (or simply rigid) at p if 

(48) ImAp^O 

On the contrary T will be called non-rigid at p if the previous condition is violated 
i.e. if dini(ImAp) > 0. 

Remark 4.13. The following considerations are easily implied by the previous Def- 
inition [HH 

(1) T is rigid at p i/ dime T^ = i.e. if h^[Up,Qu ) = as follows obviously 
by the smoothness of Up. 

(2) T{Y,Y ,Y) is rigid if and only if T is rigid at any p € Sing(y), since 
Im A = Im Ap = 0. 

(3) T is rigid if h°{R^4)^eY) = 0. 

Let us observe that the converse of (1) and (3) are not true meaning that, for any 
pe Sing(F), /ii([/p,e;7p) > do not imply dim(ImAp) > and that /i°(i?V*0F) > 
do not imply dim(ImA) > 0. An example is given by the small g.t. ([55]) obtained 
resolving and smoothing the Namikawa cuspidal fiber product X — S Xyi S . In 
fact in this case the global and local rigidity conditions ([T7|) and ([^5]) follow by 
observing that h^{Qx) = 3 = /iH^x) although h°{R^,p^e^) = 6 (see e.g. [55] 
Remark 4.2 and diagram (68)): in this particular case the morphism A in diagram 
(|42p and its localizations Ap's turn out to be trivial giving the differential version 
of (gl]). On the other hand h^{Up, 6^ ) = 1 for any p e Sing(X). 

Theorem 4.14. Given a small birational contraction <p : Y — > Y the following 
facts are equivalent: 

(1) /i°(F,i?V*0y) = O, 

(2) AfuY — C'pi(~l) ffi C'iii(— 1) for every irreducible component I o/Exc((/)). 
By Remark 14.131 we get then the following: 

Corollary 4.15. A conifold transition T{Y,Y ,Y) is a rigid small g.t.. 

Proof of Theorem \lU\ Set 

P := Sing(F) , Vp e P i?p :- 0-1 (p) , E := Exc(0) = r\P) = UpeP Ep , 

(49) Y* —YXP , Y*:=Y\E. 

Since the small birational contraction (jj : Y — > Y admits at most 1-dimensional 
fibers, the Theorem on Formal Functions ([37], III. 11) gives that 

(50) Vi > 1 i?V*ey = . 

Moreover (/)|y is an isomorphism, then i?i0*Oy|y* = and R^(J)^:Qy is supported 
over P. In particular 

(51) VyeF (i?V*ey), -i7l(0-l(y),ey|^-i(,)) 



ANALYTIC EQUIVALENCE OF GEOMETRIC TRANSITION 35 

(see [26] Remark 4.17.1) and 

(52) i?°(F,i?V*ey) = (i?V*ey)p = ^H\Ep,eY\E,) = h\e,Qy\e) ■ 

peP peP 

Let us at first assume that E = |J„gp Ep is a disjoint union of irreducible rational 
curves Ep = P^, which is that Sing(y) is composed by a finite number of cAi 
singularities (recall their definition (jlOp and (fTTjl ). By Theorem [TT24| 3) 

J\fE^\Y = Opi (a) e Opi (b) with either (a, 6) == (-1, -1) or (0, -2). 
On the other hand consider the cohomology long exact sequence associated with 

(53) ^Oe, ^&y\e, ^^E,\Y ^0 . 

Observe that Oe^ = IC^i = Opi (2). Therefore if {a, b) = (-1, -1) then 

HHEp,ey\E,)^H\Ep,eE,) 
since h°{Opi{-l)) ^ /(>(C'pi(-l)) = 0. Hence 

iji(s,ey|s) = H^(p\Opi(2))®i^i = o. 

On the other hand, if (a, 6) = (0, —2) then 

h\Ep,QY\E,) = h\P\Opi{~2)) = l ^ h\E,QY\E)>0 

and ((5^ concludes the proof in this particular case. 

We can now assume that there exists p & P such that the fiber Ep = (j)~^{p} is a 

connected union of at least two irreducible components meeting transversely at one 

point 

Ep = lUE' and / n £;' = {q} 

where I = F-^ , E' D F-^ . Let / : Y — > Y be the blow up of Y at the intersection 
point q and look at the strict transform E of Ep which is the disjoint union E = lUE' 
of the strict transforms of I and E' respectively. Set ip := f\g and !F :— Qyls ^^'^ 
consider the Leray spectral sequence of J^ with respect to ip. Then the associated 
lower terms exact sequence gives 

>-H^{Ep, R\,T) ^H\E,T) ^H'^iEp, i?V*-^) ^ ' ' ' • 

Observe that R°if^,T — (/*0y)|jj — Qy\e , by Lemma [4.101 On the other hand 
R^ip^^J- = 0, since ip has 0-dimensional fibers, giving 

H'iEp,QY\E,) = H\E,T) - H\lQy\^)0H'iE',ey\g,) . 

But H^{1, Oyl]-) = H^{1, Qy\i) and, by the previous step, it vanishes if and only if 
A/j|Y = Opi{—l) © Opi{—l). Recalling ([5^ . the proof ends up by induction on the 
irreducible components oi E' . D 

Proposition 4.16. Given a small g.t. T(Y,Y,Y) let n,m,T be the resolution 
number, the global Milnor number and the global Tyurina number ofY, respectively, 
as defined in Remark 1 1 . 25\ in Theorem \1.26\( 1) and (2) and in Definition \1.11\ 
Then 

(54) r^'^+h''{Y,R'cl^,QY). 

Consequently: 

(a) n < T < m. 
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(b) n = T if and only if n = m: in particular t ~ m and h''\Y , i?^0*Oy) — 0, 

(c) if m — T then facts (1) and (2) in Theorem \4-14\ (^f^ equivalent to assert 
that n = m. 

Proof. First of all let us observe that Sing(y) is composed by cDV singularities 
which are terminal of index 1. In |52| . Theorem A, Y. Namikawa proved an exten- 
sion of the BTTR Theorem allowing to conclude that Def (y) is smooth also in this 
case. Therefore 

(55) dim Ti. =: def (F) = h'^'\Y) = def (F ) + ^^^^^ - k 

by Theorem II .26f 4) . Moreover Remark 1 1 . 281 and equations (|15p give 

(56) dim T^ = p(Y) = p{Y) - fc = dim T^ - A: . 

The following relations arc then obtained by the Friedman diagram ([1^ : 

/ii(ey)-def(r) + /iO(i?V*0y)-/i^(B^) + p(r) = o 

/i\e^)-def(F)+r(F)-;i2(Q_)^p(y) ^ 

where t{Y) — dim T^ is the global Tyurina number of Y as follows by Definition 
II .111 and Proposition l4.1ir 2). By ([55| and ((56|) their difference gives precisely ([54l) . 
(a) is then obtained by recalling that r < m by Definition II. Ill Then ([54|) gives 

m > 2t - m = n + 2h" {R^ (fy^Qy) ^ m>n ^ 
T=^ + h°{R^(t),eY)>n + h°{R^(l)^eY) ^ T>n. 

While the necessary condition in (b) is obvious for the sufficient condition observe 
that by (O 

T^n ^ 2n = 2t == m + n + 2/i°(i?V*0y) ^ 
n = m + 2h^{R^(j)f,QY) =^ n>m ^ n = m. 

At last, for (c), assume that m = t. Then ((54)) gives 

2m = 2r = m + n + 2/i°(i?V*©y) ^ m^n + 2/i°(i?V*ey) . 

Therefore m = n if and only if h'^ {R^ cj)^,<dY) — 0. D 

Remark 4.17. Observe that t{Y) = m(Y) if and only if t(jj) — fJ.{p), for any 
p G Sing(y), which holds, by [7T], if and only if every singular point of y is a germ 
of singularity defined by a weighted homogeneous polynomial: this is the case e.g. 
when y is a (singular) hypersurface of a 4-dimensional weighted projective space. 

In principle. Proposition [HTB] allows to generalize Corollarv l4.15l as follows: 

• Let T{Y,Y,Y) be a small g.t. such that n((f>) — m{Y) (e.g. when T is a 
c.t.). Then it is a rigid small g.t.. 

Actually it is not an effective generalization due to the following consequence of the 
Milnor-Orfik Theorem [1121 and its Corollary [Til 

Proposition 4.18. Assume that for a small g.t. T{Y^Y ,Y) the resolution number 
n ~ n{(j)) equals the global Milnor number m — m{Y). Then T is a conifold 
transition. 



f{x,V,z,t) 
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Proof. Since n = m Proposition 14 . 1 6T a) gives t — m. Therefore, as observed in the 
previous Remark 14.171 every singular point p € Sing(y) is a germ of singularity 
defined by a w.h. polynomial. By Corollary 11.131 and Remark ll.25l we get 

Vp e Sing(F) Hp ^ n{p) = np (w(t)"^ - l) ^ w{t) = - 

where Up is the least index of p as defined in Definition 11.141 Then f{x,y,z,t) in 
the local equation (fTO|) oip has weight w{f) = 1/2. Recalling (fT3|) for the weights of 
X, y and z, then / is a w.h. linear combination of a monomial basis of the C-vector 
space C[x, y, z, t]/I where / = {x^,y'^, t^ ,xy, xz, xt, yz, yt, zt) giving 

ax + by + ct + dz if p is cAi , 

ax + by + ct + az^ , a e C if p is c^2fc-i, k>2 

ax + by + ct if p is cA2k, fc > 1, 

ax + ct + az^ , a e C if p is cD2k+i, k > 2 

if p is cEq , 
ct if p is either cE^^s or cD2k, k >2. 

By introducing in F those of the following change of variables 

a b d 
X i—> X t , yt-^w t , z t-^ z t 

which are w.h., the singularity p reduces to the following one 

(57) x'^ + q{y,z) + pt^+tg{z) = , /? G C , 
with 

{0 if p is either cAi, cA2k with A: > 1, cEt^% or cD2k with fc > 2 
az'' lip is either c^2fe-i or cD2k+l^ k >2, 

az^ Up is cEg. 

Observe that, since p is an isolated singularity, it is possible to assume /3 7^ 
otherwise points (0,0,0, i) would be singular for any t. Then, by replacing t 1— > 
t/y/P, ((57|) reduces to 

(58) x'^ + q{y,z) + t'^ +tg{z) = 
giving: 

(1) if p is cAi it turns out to be actually a node since g{z) = and q{y, z) — 
y^ + z^ in (pl), 

(2) by looking at the hyperplane section z = 0, ((58|) gives either a cAi singu- 
larity Up is cA„, n > 2, or a c^2 singularity if p is C-E6,7,8, 

(3) by looking at the hyperplane section y = 0, ([55]) gives a cA2k~2 singularity 
Up is cD2k, k >2, 

(4) if p is cD2k+i, k > 2, then u)(z'^) = 1/2 and the transformation 1 1-^ t— ^z^ 
is weighted homogeneous and allows to rewrite ([55)1 as follows 

x'^ + y2^ + i^ + 7^2*-^ = , 7 e C ; 

As before it is possible to assume 7^0 otherwise points (0,0, z,0) would 

be singular for any z, against the fact that p is an isolated singular point; 

by normalizing z 1-^ ^/^/7 and looking at the hyperplane section y = we 

get then a cA2k-i singular point. 
Recall that np is the least index of p meaning that (|58p cannot give a presentation 
of p with lower index: hence only case (1) can occur. D 
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It is then possible to state the foUowing characterization of a w.h. conifold 
transition: 

Theorem 4.19 (A characterization of w.h. conifold t.'s). Let T{Y,Y,Y) be a 
small g.t. such that Sing(y_) is entirely composed by germs of singularities locally 
defined by w.h. polynomial!^ and let (/) : Y ^ Y be the associated small birational 
contraction. Then the following facts are equivalent: 

(1) T is a conifold transition, 

(2) the global Milnor number m{Y) coincides with the resolution number n((j)) , 

(3) /iO(F,i?V*0y) = O, 

(4) Afi\Y — C'pi(^l) ffi C'pi(— 1) for every irreducible component I C Exc(0). 

Proof. (1) <=> (2) : If T is conifold then the global Milnor number m{Y) and 
the resolution number ri(0) both coincides with the cardinality N := \ Sing(y)|. 
Viceversa if n = m then T is conifold by Proposition 14.181 

(2) <^ (3) : It follows directly by Proposition I4.16f c) recalling that every p g 
Sing(F) is w.h. giving t{p) = n{p). 

(3) <^ (4) : It is just Theorem Ol D 

4.5. Cohomological conditions for the existence of conifold degenerations. 
Theorem 4.20. Let 

■■■■. .--^ 

T 

be a small g.t. which is non-rigid at any p G P' := Sing(y) \ {nodes of Y}, i.e. 

(59) VpeP' dim(ImAp)>0. 

Then, in general, it admits a conifold degeneration i.e. there exists a conifold g.t. 

■ ■ . . .ry^ 

CT 

such that Tp is a deformation of (f). 

Proof. If Sing(Y) is entirely composed by nodes then T{Y, Y, Y) is a c.t. and there 
is nothing to prove. It is then possible to assume that 

(60) P' := Sing(F) \ {nodes of F} 7^ . 

To prove that i/" is a deformation of means to show that there exist an analytic 
space S, a commutative diagram 



X ^X 





s 



with p and q flat morphisms, and two points x,y ^ S such that X = p ^{x), 
y ^ P^^iy): X = q^^{x), Y = g"^(y), and ?A = '^\p-^(x), (f) = *|p-i(y)- 



^E.g. when y is a hypersurface of a 4— dimensional weighted projective space. 
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In the present context, the exact sequence ([7]) looks as follows 

T; ^i^ T\. o TL ^1^ Exti (f^i., Oy) 

d 



r|^Tf.eTf^i^Ext^(ni., 



Since F is a Calabi-Yau threefold, hypothesis of Theorem 3.3 in [59 still holds and 
we can proceed as in the proof of Theorem 12.41 reproducing steps ^T9\\ . ((20l) . pTjl . 
((231) and ^^. Precisely we get 

0*Of ^ Oy and R^cjj^Oy = R'^<J)*Oy = , 

giving, by the spectral sequence ([5]), 

Extl{n^,OY)=T^ and Ext^(f}^, Oy) ^ Tf . 

Then 

ker(a2) == Im(ai) = T^ , ker(/32) = Im(/3i) = T^ , Im(c») = = ker(/3i) 

and 

, . npi r^ npi • & f^'-ordcr deformation of Y always gives 

■^ ^ ' ' a f^'-order deformation of and viceversa, 

(R0\ t2 ^ t2 • every unobstructed deformation of Y generates 

■^ ^ ' ' an unobstructed deformation of <j) and viceversa. 

Hypothesis ([59]) allows to choice a non-trivial class dp E ImAp C T^ , for any 
p € P'. Then, by Proposition l4.1ir i) and hypothesis ([60| . there exists a non-trivial 
class § e i/i(r,eY) ^ % such that A(^) = EpeP' ^^p 7^ G H°{R^(i>*QY)- In 
particular "(9 induces a non-trivial I'^'-order deformation of Y and, by (I6ip . a non- 
trivial I'^'-order deformation of (j). Proposition 14.111 (3) ensures that morphisms 
5i and 5ioc in diagram (|1^ are injective. Then (5i(i9) g Ti^ gives a non-trivial 
l'^*-order deformation of Y and, by Proposition I4.1ir 2'). 5ioc o A(z9) = '^p^p'&p^ 
where -dp := (5;oc ° -^pl^) £ Ti do not vanish for any p E P' . Since F is a Calabi- 
Yau threefold, the BTTR Theorem [76], [10], [77], [Si] ensures that any l"'-order 
deformation of Y is unobstructed. In particular q{'d) = E H^{Y,Qy) — Ty, 
where q : Ty -^ Ty is the obstruction map introduced in Theorem 11.41 Then, 
by (|62)) . also the induced I'^^-order deformation of (p is unobstructed and there 

p 
exists an effective deformation X ^S of Y generating an effective deformation 



of Y s-y , which is a point y E S and a commutative diagram 



* 




with p and q flat morphisms and 

Y=p-\y) , F = g-i(2/) and </) = $ip- 
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In particular the I'^'-order deformation of Y represented by Si{'d) is unobstructed 
too, its obstruction being given by S2 ° qiiS) = G T^, and Si{d) gives rise to the 



effective deformation X ^S of Y. 



Theorem l4.20l would then be proven if we could exhibit a point x € S such that X — 
q~^{x) admits only nodes as singularities. This fact can actually be investigated at 
the I'^'-order level. Since dp and -dp do not vanish for any p ^ P', they generate 
non-trivial infinitesimal local deformations of Up and Up. 

Lemma 4.21. Consider p e P' := Sing(F) \ {nodes} and let Tl = H"(Up, QL ) 

Up Up 

be the tangent space to the Kuranishi space Def Up of versal deformation of Up 
(notation as in Definition \1.5\) . Then the locus ofl^^-order deformations deforming 
p to a node is described by an hypersurface Cp C T^ while the locus ofV*-order 

Up 

deformations deforming p to a worse singularity than a node is described by a closed 
sub-scheme Vp C Cp. 

Let us postpone the proof of this Lemma to conclude the proof of Theorem 14.201 
At this purpose denote Ip the line through the origin generated in T^ by the 

non-trivial class "dp. Since Cp is an hypersurface, for any p (z P' there is a point 
Xp £ IpC] Cp j^ $ such that in general 

(63) X := 2_^ Xp g Ty 

p£P' 

turns out to define a point of the parameter space of the f^'-order deformation of 
Y defined by Si{i3), whose associated fiber admits only nodal singularities. D 

Remark 4.22. In a non general case it may happen that IpC] Cp C Vp, for some 
p e F'. Then: 

(a) either IpDCp = IpDVp = {0} C T-L , which is that the I'^'-order deformation 

defined by -dp is trivial contradicting that -dp 7^ 0, 

(b) or Ip r\Vp\ {0} 7^ 0, meaning that the P*-order deformation defined by 
•dp deforms p to a milder adjacent singularity, in the sense of Arnold's 
classification ([3] §1.1.0). 

Therefore the generality hypothesis in the statement of Theorem 14.201 could be 
dropped if it would be possible to guarantee non-rigidity hypothesis like (|59p for 
milder singularities obtained in (b) giving the possibility of establishing an induction 
process. Unfortunately at the moment I wasn't able to prove such iterated non- 
rigidity conditions. 

Proof of Lemma \4-.21\ Recall that Up — Spec (C_F,p) where the ideal generator F is 
described by ([TU)l and (dJ). Let Jp := {dxF,dyF,dzF,dtF) be the Jacobian ideal 
of F. Since p is an hypersurface singularity 

(64) T^^ = OfJJf = Oo/iF, d^F, dyF, d,F, dtF) 

where Oq is the localization of O := C[x,2/,z,i] at the maximal ideal mo = 
{x,y,z,t). Given A e O let Fa be the deformed hypersurface associated with 
the class [A] e T^ and locally defined by 

Ya^{Fa:=F + A = 0} . 
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To require Ya to be singular means to require the jacobian rank not to be maximum, 
looking for common solutions of the following conditions 

(65) d^F + d^A = dyF + dyA = d,F + d,A = dtF + dtA^O 

Let p\ = {xa, J/a, -za, ^a) be such a solution, which clearly always exists and depends 
on [A] e Tjj . Then pA e Sing(YA) if and only if pA is actually a point of 1a, giving 
a condition on [A] G T^ defining a hypersurface £„ C T^ i.e. 

Up Up 

(66) PA e 1a ^=^ [A] e Cp . 

In general p\ is a node of Ya- In fact, after the translation x '~^ x' + XA^y t-^ y' + 
yA, z i—f z' + ZA,t i—i- t' + tA, to require that the origin is a worse singular point than 
a node means to impose conditions on the degree 2 monomials of Fa{x' ,y' , z' ,t') 
which are further conditions on [A] defining closed sub-schemes of Cp i.e. 

(67) pa e Sing(yA) \ {nodes} -^=^ [A] e Vp C £p , codiniT:! Vp > 2 . 

Up 

D 

4.6. Example: the case of Arnol'd's simple singularities. A priori it is not 
easy to understand which concrete geometric example may satisfy the non-rigidity 
condition (l59|) in Theorem l4.20l At this purpose let us recall here that, by a result 
of Y. Namikawa (^2] Theorem B and Lemma (5.7)), the non-rigidity hypothesis 
([59|) is satisfied by Arnol'd's simple threefold singularities worse than nodes ([3], [4] 
§15). Therefore we get the following 

Corollary 4.23. A general small g.t. T{Y,Y,Y), such that Sing(y) is composed 
only by Arnol'd's simple singularities, admits a conifold degeneration. 

To give a more concrete idea of the meaning of word "general" in statements of 
Theorem 14.201 and Corollary 14. 23[ let us now describe conditions ((66|) and ((67|) in 
the case of Arnol'd's simple threefold singularities. 

In the following the space ([64|) will be simply denoted by T^, forgetting the subscript 
Up. When needed either its dimension or the Tyurina and Milnor numbers of a "de- 
formed Arnol'd's singularity" pA will be computed by a Grobner basis calculation 
to study its adjacency w.r.t. the original Arnol'd singular point. More precisely if 
I C C[a;i, . . . , Xr] is an ideal and HT{I) is the ideal generated by higher monomials, 
with respect to a fixed term order, of elements in / (notation as in [7] §5), it is a 
well known fact that the following quotient C-vector spaces are isomorphic 

(68) C[xi,...,xr]/I = ^C[xu---,Xr]/HT{I) . 

as (L— vector spaces 

Therefore their dimension has to be equal and that on the right is quite easier 
to compute. The point is then determining a Grobner basis of / w.r.t. the fixed 
term order which can be realized e.g. by the "Groebner Package" of MAPLE: with 
L. Terracini we performed the MAPLE- 11 subroutine |70j to compute the dimension 
of the second quotient C-vector space in (|68| when I is either the Jacobian ideal 
Jf or the ideal (F) -I- Jf of a polynomial F. 
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4.6.1. (A„ , n> 1) : F{x,y, z,t) ^ x^ + y^ + z''+^ + t^ . 
Formula (|64l) gives 

Ti - C[x, y, z, t]/{x, y, z", t) = (1, z, . . . , z"-i)c . 
Given A — (Aq, . . . , A„_i) e T^, the associated deformation of Y is 

n-l 

1a - {Fa (a:, y, z, t) := i^(a;, y, z, i) + ^I ^'^' = ^i ■ 
A solution of the jacobian system (p5|) is then given by pA — (0, 0, z\, 0) with 

n-l 

(69) ZA ■■ {n + l)zl + J2^>^^^A^=0■ 
Condition (|M|) becomes then the following 

n-l 

(70) PA e Fa ^^ A e £ := {z;^+i + ^ A,zX = 0} c T^ . 
After translating z i-^ z + za, we get 

FA(x,y,z + ZA,i) =F(a;,y,z,t) + z^^+i + ^ A.z^ j 

+ (n + l)zX + ^ iA,z]^-i J z 

+ (n + l)zA z" . 

Then by ([70]) and (|69p the origin (and then pa G ^a) is at least a node. It is actually 
a worse singularity if and only if one or more of the following further conditions on 
Ahold 



" + ^')z:^+i-'^ + ^QA,zr' = , fc = 2,...,n-l (forn>3) 



(71) ZA = . 

Then the closed sub-scheme V C £ defined in ([57)1 turns out to be, in the present 
An case, the following union of ti — 1 , codimension 1 sub-schemes of £ 

n 

V = IJ Vfc where 

fc=2 

V. := I (" + ') zl^^-^ + |J Q X,Z}C' = o| , for fc = 2, . . . , n - 1, 

Vn ■■= {zA = 0} . 
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Precisely pA turns out to be a Am {2 < m < n) simple hypersurface singularity if 
and only if A is the generic element of (0/^2 '^k), respecting the Arnol'd's adjacency 
diagram 

Ai^ ^2^ i A„-,^ i An ■ 

4.6.2. (D„ , n > 4) : F{x,y, z,t) ^ x'^ + y^z + z''-^ +t^ . 
Formula ([64| gives 

T' - C[y, z]/iyz, y' + (n - l)z"-2) - (1, y, z, . . . , z"-^)^ . 
Given A = (Aq, A, Ai, . . . , A„_2) G T^, the associated deformation of Y is 

n-2 

Ya = {Fa{x, y, z, t) := F{x, y, z,t) + Xy + Y^ X,z' = 0} . 

A solution of the jacobian system (j65p is then given by pA = (0, j/a, za, 0) with 

2yAZA + A = 

{n - i)zi-' +yi+ E:ri' *A,zr' ^ 

Condition (p5|) becomes then the following 



C^^) 2/A,2A : <i ^^^ ix..n-2 , ,.2 , v^n-2^.\ ^j-1 



(73) paS^a ^^ A e £ := {yizA + z^ ' + A2/A + ^ A,zl = 0} C Ti 

i=0 

After translating y i-^ y + j/Ai ^ '-^ 2^ + -^A: we get 

FA{x,y + yA,z + ZA,t) = F + iylzA + zl'^ + MjA + ^Xtzlj 

+ {2yAZA + A) y 



+ {{n-l)zl-' + yl + 



+ 2yA yz + ZA y^ 

n-2 / / 

n — 1 



Ti-2 \ 

Y^ iX^z'f^^ z 

i=l ) 



fc=2 \ ^ ^ i=k 



Then by (|73p and ([7^ the origin (and then pA G i^) is at least a node. Let us 
define 

!/i := 2j/A 

I'ri-i := 2:a 
and consider the associated codimension 1 sub-schemes of L 
Vfe := {I'fc = 0} , \<k<n-\ 
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By computing the Tyurina numbeiO of px one finds tliat the closed sub-scheme V of 
C defined in (I67p is reducible and admits two codimension f irreducible components 
as follows 

V = V„_i U V c £ C T^ . 
In particular we get 

PA is of type A2 for A generic in V = V„_i U V' 

PA is of type A3 for A generic in (Vi n V„_i) 

PA is of type D^ for A generic in (Vi n V2 n V„_i) 

PA is of type Dm for A generic in (Vi n V2 n • • • n Vm-2 H V„_i) 

(for 4 < ?7i < n) 
PA is of type Ai for A generic in ( Vi n V2 n • • • n V; ) 

(for 3 < ; < n - 2) 

respecting the following Arnol'd's adjacency diagram 
Ai ^ A2 ^ ^3 -^ 



Da ^ D^ ^ s Dm ^ ^ Dn 

4.6.3. (£;6) : F(a;,y,z,i) = .t2+ 2/3 + 2'* + ^2. 

Formula ((64)) gives 

r^ = C[2/, z\/{y'^, z^) = (1, 2;, z, yz, z^, 2;z^)c . 

Given A = (Aq, Ai, . . . , A5) € T^, the associated deformation of Y is 

Ya = {FA(a::,2;,z,i) = 0} where 
Fj^{x,y,z,t) := F(a;, y, z, t) + Aq + Aij/ + A22; + Asyz + A42;^ + Asyz^ 

A solution of the jacobian system ()65|) is then given by pA ~ (0, j/a, 2;a, 0) with 

f~. X / 3j/| + Ai + A3ZA + Asz^ = 

(74) 2/A,ZA ■ -^ - ^^ 



Azi + 2A4ZA + A2 + 2/a(A3 + 2A5ZA) = 

Condition (l66|) becomes then the following 

(75) PA e Ya ^=^ A e £ where 

-C := {j/a + z\ + \o + Aij/a + A22;a + >^zVaza + \iz\ + X5y\z\ = 0} c T^ 



Apply | 70| in the origin for the polynomial 

n — 2 

Fj^{x,y + yj^,z + Zf^,t) = F{x,y,z,t) + uiyz + ^ i/feZ* + i^n-i 
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After translating y i-^ y + j/a, ^ i-^ ^ + -ZA, we get 
Fa(x, y + yA,z + za, t) = 

F{x,y,z,t) + {y\ + z\ + Xo + \iyK + )^2ZA + ^'iyKZA + \iz\ + \zyAzX) 
+ (32/i + Ai + A3ZA + Aszi) y 

+ (4zi + 2A4ZA + A2 + yA(A3 + 2A5ZA))2; 

+ (A3 + 2A52;a) yz + 3yA y^ + (64 + A4 + AgyA) z"^ 

+ 4zA z^ + As yz^ 

Then by ([75]) and ([7^ the origin (and then pA G ^a) is at least a node. By setting 
I'l = A3+2A5ZA , i^2 = 6z^+A4+A5yA , 1^3 = 3yA , i^i = 4za , 1^5 = ^5 
define the following codimension 1 sub-schemes of C 
Vk ■■= {J^fc = 0} , 1 < fc < 5 
V := {z/|-4i.3 = 0} = {A2-12yA = 0} 
V" := {27vl + Avl = Q] ^ {\l + 108zi = O} 

By computing the Tyrina number of pA, we get that the closed sub-scheme of C 
defined in (|67p is given by 

V := {uf - 41^21^3 ^ 0} 

= {AXlzl + 4A3A5ZA + A^ - 72ziyA - 12A5yi " 12A4yA = O} . 

Clearly f]j^^i Vk = {0} G C d T^ giving pA = and the trivial deformation. 
Moreover 

Pa is of type A2 for A generic in V D (Vi n V2) U (Vi n V3) 

PA is of type A3 for A generic in Vi n V2 n V4 

PA is of type D4 for A generic in Vi n V2 n V3 

PA is of type D5 for A generic in Vi n V2 n V3 n V" . 

Notice that if A is the generic element of Vi n V2 n V4 n V' then pA may be a singular 
point of type A„, with n > 3, as follows by applying e.g. the standard local analysis 
described in [5 §11.8 []. All these relations respect the following Arnol'd's adjacency 



Let us give a brief account of what happens in this case, since it admits an easy explicit 
description. The subvariety Vi n V2 n V4 n V C £ C T^ = C is 1-dimensional and rational, 
admitting the following parameterization A = ( ^^ ,—^,0,0,— ^4- , 2A) , and Ya has the unique 

singular point pyv = (0, -g-, 0, 0). After the translation y 1-^ y A — 3-, sending pA to the origin, Y/^ 
turns out to be the 1— parameter deformation of Y given by 

Fa = x^ + J/^ + z* + i^ + X'^y'^ + 2Xyz'^ = . 

For A ^ 0, the Tyurina number of the singularity in the origin is 

dimc(Cl„/({FA) + Jfa)) =dimc{C[y, z]/{y^,yz^,z^)) = dimc{l,y, z,yz, z'^) = 5 

since {x,t,y'^,yz^ ,z^) = HT{{Fa) + JFj^), being 

g = {t,x,3y^ + 2\'^y + 2\z^ , z^ + Xyz, -2\^y - 2\'^ z^ + 'iyz'^} 

a Grobner basis of (Fa) + Jp^^ (apply |70n . Hence pA is of type A5. 

Alternatively the standard procedure of [5] §11.8 can be applied to the singular curve y'^ + z"^ + 
\^y^ + 2Xyz^ = 0, to get the normal form y^ + z^ = and then, as above, for A 7^ 0, pA turns 
out to be a simple A^ singularity. 
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diagram 



Ai ^ A2 



■A, 



D4 



D. 



4.6.4. (£'7) : F{x,y,z,t) = x'^ +y^ + yz^ + t'^. 
Formula ((64)) gives 

Ti = C[y, z]/(3y2 + z3, yz^) - (1, J/, z, yz, z\ z\ z^)c . 
Given A = (Ag, Ai, . . . , Ag) G T^, the associated deformation of Y is 

i^A = {FA{x,y,z,t)^0} where 
FA{x,y,z,t) := F(a;, y, z, t) + Aq + Aiy + A2Z + Asyz + A4Z^ + A5Z^ + Agz^ 
A solution of the jacobian system (|65p is then given by pA = (0, j/a, ^a, 0) with 



(76) yAj^A 

Condition 



'jI + zI + Xi+ A3ZA = 

^2 I \ _ I \_„,. I o\ ,. I •3\...,2 I ^ \ _ ^3 



3yAzi + A2 + AayA + 2A4ZA + SAgz^ + 4A64 = 
becomes then the following 
(77) PA e Ya -^^ AeCcT^ where 

^ '■= {Va + VA^A + -^0 + AiJ/A + A2ZA + hVAZA + A42A + ^5^1 + >^6Za = 0} 

After translating y i-^ y + yA, z i—f z + za, 'ws get 

■FA(a;,y + 2;A,z + 2A,<) = 

F{x,y,z,t) + (yi + yAzi + Ao + Aij/A + A2ZA + AsyAZA + A4ZA + As^A + Ae^l) 
+ (32/i + 4 + Ai + A3ZA) y 

+ (SyA^A + A2 + A3J/A + 2A4ZA + 3A5ZI + 4A6Z^) z 

+ (3za + A3) yz + 3yA y^ + {iVhZA + A4 + 3A5ZA + 6A6Za) ^^ 
+ 3zA yz"^ + (As + 4A6ZA + Vk) z^ + Ae z^ 

Then by (|77p and (|76p the origin (and then pA G ^^a) is at least a node. As in the 
previous Eq case, set 



vi = 3za + A3 



^3 , i^2 = 3yA2A + A4 + 3A5ZA + 6A6Za 7 ^z = 3j/a 
t^4 = 3zA , 1^5 = A5 + 4A62;a + 2;a , ve = \e , 
and define the following codimension 1 sub-schemes of C 



Vfc 
V 
V" 



{vk - 0} 



1 < A; < 6 



= {z/|- 41.3^.6 = 0} = {3zi-4A6yA-0} 

^ {27//f + 4i/|==0} 

= {I08zi + 432A^zi + 216A62/AZA + 272/i + 2I6A5A6ZA + 54A5yA + 27A^ = 0} 
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The closed sub-scheme of L defined in ([67]) . is still given by 

V := {i/2 - 4z/2i^3 = 0} 

= {^z^ - 12\yKz\ - 36j/aza + 6A3ZA - SGAsj/aza - 12A4yA + A3 = O} . 

Clearly nfc=i '^k = {0} d C d T^ giving pA = and the trivial deformation. 
Moreover 

Pa is of type A2 for A generic in V D (Vi n V2) U (Vi n V3) 

PA is of type A3 for A generic in Vi n V2 n V5 

(pa is of type A4 for A generic in Vi n V2 n V5 n V') 

PA is of type D4 for A generic in Vi n V2 n V3 

PA is of type D5 for A generic in Vi n V2 n V3 n V" 

PA is of type Eq for A generic in Vi n V2 n V3 n V4 n V5 . 

All these relations respect the following Arnol'd's adjacency diagram 



Ai- 



A. 



A. 



D 



4 ^ 



D. 



Ea^ 



E7 



4.6.5. (E's) : F{x,y, z,t) = x'^ + y^ + z^ + t'^ . 
Formula ([64|) gives 

T^ = C[?;, z]/(y'^, z") = (1, y, z, yz, z^, yz^, z^, yz^)c . 

Given A — (Aq, Ai, . . . , Ay) e T^, the associated deformation of Y is 

^A = {FA{x,y,z,t) :^0} where FA{x,y,z,t) := 

= F{x, y, z, t) + Aq + Aiy + A2Z + A3yz + A4Z^ + A5yz^ + Agz^ + Ayyz^ 

A solution of the jacobian system (|65p is then given by pA — (0, j/a, ^a, 0) with 

, . . / 3yi + Ai + A3ZA + A5Z2 + Ayzi = 

[iS) yA,ZA . I 54 + A2 + 2A4ZA + 3A6zi + yA(A3 + 2A5ZA + 3A7zi) = 



Condition (|M|) becomes then the following 
(79) 



(80) 



PA e >A -^=> A e £ C T^ where 
-C := {yi + ^^A + ^0 + AiyA + A2ZA + A3J/AZA 

+ A4ZA + AsJ/A^A + ^^e^A + hUAZA = 0} 
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After translating y ^^ y + yi^, z ^^ z + zj^, we get 

Fj^{x,y + yA,z + zjy,t) = Fix,y,z,t) + 
+ {y\ + z\ + X(3 + AiyA + A2ZA + Asj/A^A + A42A + Asj/aza + Agz^ + Atj/a^^a) 
+ (3yi + Ai + A3ZA + Agzi + A7zi) y 
+ (54 + A2 + 2A4ZA + SAgzi + 2/a(A3 + 2A5ZA + SAyzi)) z 

+ (A3 + 2A5ZA + SAr^i) yz + Si/a y^ + (lO^i + A4 + X^Vk + SAg^A + SAt^a^^a) z^ 
+ (As + 3A7ZA) yz^ + (104 + Ae + AryA) z^ + A7 yz^ + 5za z'^ 

Then by (I79p and ([78|) the origin (and then pA € ^^a) is at least a node. As usual 
set 

i^i = A3 + 2A5ZA + 3A74 . ^2 = 104 + A4 + XbVA + BAeZA + ^XryAZA , 

J^3 = 3yA , 1^4 = A5 + 3A7ZA , t^5 = 104 + Ae + A7yA , 

fg = A7 , Z/7 = 5ZA , 

and define the following codiniension 1 sub-schemes of C 

Vk := Wk = 0} , 1 < fc < 7 

V := {!.|-4i.3i^7-0} = {9A?4-60yA^A + 6A5A72A + A2 = 0} 
V" := {27i^| + 4i^| = 0} 

= {2700z^ + lOSX^zl + 540A7yA4 + 108(5A6 + AsA?)^! + 27A?4 
+ 36A2A7ZA + MXeXiyA + 27X1 + 4Ai = O} 

As before, the closed sub-scheme of £ defined in (p7| , is given by 

V := {vf - 4Z/21/3 = 0} 

= {9A?zi - 120yA4 + 12A5A7zi - 36A7yi-ZA + 2(2A2 + 3A3A7)zi 
-36A6yA^;A - I2A54 + 4A3A5ZA - 12A4yA + A3 = O} . 

Clearly nfe=i ^k — {0} C £ C T^ giving pj^ — and the trivial deformation. 
Moreover 



PA is of type A2 for A generic in V D (Vi n V2) U (Vi n V3) 

Pa is of type A3 for A generic in Vi n V2 n V5 

(pa is of type A4 for A generic in Vi n V2 n V5 n V') 

PA is of type D4 for A generic in Vi n V2 n V3 

Pa is of type D^ for A generic in Vi n V2 n V3 n V" 

(pa is of type Dq for A generic in Vi n V2 n V3 n Ve n V7 n V") 

PA is of type Eq for A generic in Vi n V2 n V3 n V4 n V5 

PA is of type E7 for A generic in Vi n V2 n V3 n V4 n V5 n V7 . 
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All these relations respect the following Arnol'd's adjacency diagram 
Ai ^ A2 ^ A3 ^ 



D. -^ D. ^ 



Ej 



E% 



Ee 



5. Composition of geometric transitions 

Proposition 5.1 (Arrows' composition in the Calabi-Yau web). Let Ali, A4, ^^2 
be three distinct nodes of the Calabi-Yau web, i.e. three moduli spaces of topologi- 

cally distinct Calabi-Yau threefolds, and assume there exist arrows Mi > A4 and 

M. — ^ M.2- Then there exists an arrow Mi — > A^2- 

By Proposition \2.3\ it makes than sense to call a the composition of oi and 02, write 

a = 02 o fli and say commutative the following sub-graph of the Calabi-Yau web 




(81) 



Let us postpone the proof of the previous statement to set the following 

Definition 5.2 (Composition of geometric transitions). Let Ti, i — 1,2, be g.t.'s 
whose equivalence classes Oi := [T^]^ give consecutive arrows as in the sub-graph 
(j8ip . Then any representative T of the arrow a = 02 o ai is called a composition of 
Ti and T2 (write T == T2 o Ti). 

Remark 5.3. By the previous Definition 15.21 it follows that the composition of two 
given g.t.'s is not univocally determined but only defined up to analytic equivalence. 

Proof of Proposition \5.1\ Let 



Y,- 



Ti 



:Y 



be a representative of a.;, i = 1,2. First of all observe that Yi and Y2 are smooth 

Calabi-Yau threefolds in Ai , giving Yi ^ Y2 by recalling analytic equivalence 11.31 

On the other hand Yi ^ Yi for the g.t. Ti. Transitivity then gives Yi ~ I2 

f 
meaning that there exists a deformation family y — > B and points 5i , 62 G B 

such that Yi = f~^{bi) and I2 = /^^(&2)- Recall then the isomorphism (|CT|) to 

conclude that the deformation family y naturally induces a morphism deformation 

7 



$ of the birational contraction Y2 — > I2 and a deformation family y 
into the following commutative diagram 



B fitting 
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and such that 7^^(62) = Y2. Set Y := J^^ih) and 02 := ^ly^ : Fi — > F and 
consider the composed birational contraction := 02 ° 0i : Yi — > Y. At last 
observe that Y ^ Y2 hy construction and Y2 ^ Y2 for the g.t. T2. Then by 
transitivity we get Y ^ Y2 and a g.t. 



Y,-^Y'^-^Y2 

T 

whose equivalence class gives an arrow a := [T]^ : A^i — > A^2- Q 

Proposition 5.4. Let y^ i~y^^~^^^Y be a g.t. such that for any factorization 

T 



Y ^Y 





Z 

the normal threefold Z is smoothable. Then T is the composition of a finite number 
of primitive g.t.'s. 

Proof. The DGP Theorem 1 1 . 41 ensures the existence of versal families y oiY, Z of 
Z and 3^ of y, which are actually universal families by Theorem 11.61 and the fact 
that y is a Calabi-Yau threefold, in fact 

T°Y = H^{Y, Qy) = H^{Y, nl) ^ 



„ „ Lemma [47T0l ^ ^ Lcray 



„ „ „ Lemma [47T0l „ „ Lcray 

Let Z he a generic smooth (hence Calabi-Yau ) fibre of Z which exists since Z is 
smoothable: then Ti{Y, Z, Z) is a g.t.. Apply Theorem 3.3 of [SS] to the morphism 
if) : Z — > Y (as in proofs of Theorems 12.41 and I4.20p . One get the the following 
isomorphisms 

Tij = T; , z = l,2 

analogous to isomorphisms (|CT|) and ([S^ . Therefore an effective deformation ad- 
mitting fibres Z and Z generates an effective deformation $ of Lp. In particular 

is a birational contraction with Y ^ Y ^ Y . By transitivity T2(2',y,y) turns 
out to be a g.t. and T = T2 o T\. Since we may assume T\ to be primitive, the 
statement follows by induction on the relative Picard number p(0) :— p{Y jY). D 

Exam-pie 5.5 (Decomposition of the Namikawa g.t. [69] §3.2). Consider the Nami- 
kawa small and rigid g.t. ([55]) described in the Example [ 

■ ■ ■ . . ■ -^ 

T 
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and consider the universal family X — > D of fiber products Si Xpi 5*2 of rational 
elliptic surfaces with sections. Let K d D he the closed subset parameterizing 
fiber self-products S* Xpi S* of the same rational elliptic surface 5*1 = S = 82- For 
a general k € K the fiber self-product Xk = Sk Xpi Sk admits a singular locus 
Sing(Xfe) composed by 12 nodecl and a small resolution Z^ — ^ Xk obtained by 
choosing Zk as the strict transform of Xk in the "blow up" of the "diagonal locus" 
of Xk (see [73] Lemma (3.1) and ^9] Proposition 2.1.(3) for more details). Let 
us then denote by Z — > K the universal family of such small resolutions of fiber 
self-products of rational elliptic surfaces with sections. If X is a generic smooth 
fiber of the family X then the small g.t. 



/7 ^^ \r 



',X 



T2 



is a representative of an arrow 02 '■— [T2]^ '■ 2 — > X. Recall now that the 
Namikawa cuspidal fiber self-product X of a singular rational elliptic surface whose 
Weierstrass representation is given by ((37)) can be thought as a special singular fibre 

X^ ^ X 



K^ 



D 



such that Sing(X) is composed by six c^2 singularities, as described in (2) of 
Example 14.91 The small resolution X — > X^ described in (3) of Example 14.91 can 



then be factorized as follows 




If Z is a generic smooth fibre of the family Z then the small g.t. 



X- 



-^Zo 



'.Z 



is a representative of an arrow ai := [Ti]^ : X — > Z where X is the universal 
family of small resolution of cuspidal fiber self-products X — S Xpi S obtained by 
varying B{X) G H'^{Opi{6)) in the Weierstrass representation ([37]) of S. We have 
then the following commutative sub-graph of the Calabi-Yau web 



a=lT]. 




giving a = 02 o fli and T — T2 oTi. In particular observe that: 



Points of Sing(Xj.) are associated with roots of the degree 12 discriminant polynomial of the 
Weierstrass representation of Sk ■ 
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• both the small g.t.'s Ti and T2 are actually conifold transitions giving a 
decomposition of the Namikawa small and rigid g.t. T , with bi-deg(r) = 
(2, 16), as a composition of 2 conifold transitions Ti and T2 with 

bi-deg(ri) = (1, 5) and bi-deg(T2) = (1, 11) . 

(Bi-degrees can be easily deduced by table (65) of Theorem 3.8 in |69j). 

Remark 5.6. The previous Exaniple l5.5l underlines that the Namikawa Example l4.9[ 
which is a counterexample against the possible existence of a conifold degeneration 
of a small g.t., doesn't work as a counterexample for primitive small g.t.'s, since 
the relative Picard number p{X/X) = 2 > 1. 

Moreover the decomposition of the g.t. ([55]) as a composition of conifold transi- 
tions, which turn out to be rigid by Corollary 14.151 opens the way to a deeper 
understanding of the rigidity of Namikawa counterexample. In fact Theorem 4.4 in 
[69] asserts that: 

(*): Let X be a normal threefold with terminal isolated singularities and sup- 
pose there exists a commutative diagram 



(82) X ^X 




Z 

of small (partial) resolutions of X such that X is smooth and Z admits 
only nodal singularities. Then the differential localization map 

X:T)^ — ^ij"(X,i?V*0jf) 
in the Friedman diagram (J^, factorizes as follows 



(83) T\ ^ ^ hO(^^ i?V*e^) 

H^{Z, R'l.Q^) - C i ^ T}, 

where 5 is an injective map: therefore A is necessarily the map meaning 
that the (small) exceptional locus Exc((/)) turns out to be rigid under global 
deformations of X . 

It seems then natural to ask if also the converse of the previous statement (*) is 
true. 

We then conclude the present subsection with the following list of conjectures: 

Conjecture 5.7. Every type I g.t. admits a conifold degeneration. In particular 
the canonical model of a type I g.t. is a primitive conifold transition. 

Conjecture 5.8 (Converse of (*)). Every small and rigid g.t. T admits a factor- 
ization T ~ T2 o Ti whose first factor Ti is a conifold transition. 

A stronger version of both these conjecture is the following 

Conjecture 5.9. Every small g.t. which does not admit any conifold degeneration 
is equivalent to a composition of conifold transitions. Then canonical models of 
small g.t. 's are given by composition of conifold transitions. 
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A first evidence for the latter conjecture is given by the conifold decomposition 
of the Namikawa small and rigid g.t. ([38|) given in the Example 15.51 



5.1. The Calabi— Yau web can't be directly connected by small g.t.'s. Let 

us observe that we can attach a Picard number to every node M of the Calabi- 
Yau web. In fact, by the Ehresmann fibration theorem, all the Calabi-Yau fibres 
of Ai are diffeomorphic since they are smooth elements of the same flat family 
A4. Therefore their Picard number, which coincides with their 2-nd Betti number 
(recall relations ((T])), have to be constant in A^. In particular nodes with Picard 
number 1 admits only primitive (following M. Gross' notation [34j) Calabi-Yau 
fibres. They are called prim,itive nodes and can't admit outgoing arrows, if we 
want the Calabi-Yau web to stay inside the projective category. 

Definition 5.10 (Direct connection of nodes). Let Mi and M2 be nodes of the 
Calabi-Yau web admitting distinct Picard numbers, say pi > p2 (> !)■ Then Mi 
and M2 will be called directly connected if there exists an arrow Mi — » M2- 

The following is a stronger version of the Calabi-Yau web connectedness conjec- 
ture. 

Conjecture (Direct connectedness of the Calabi Yau v^reb). If Mi and M2 

are nodes of the Calabi-Yau web with distinct Picard numbers pi > p2 then there 
exists a (unique, by Proposition \2.3\) arrow Mi > M2- 

Theorem 5.11. Two nodes Mi and M2 of the Calabi-Yau web which are con- 
nected by a type II g.t. can never be connected by any composition of small g.t.'s. 
In particular they can't be connected by any composition of conifold transitions. 

Proof. Since a composition of small g.t's is always a small g.t. the statement follows 
by Propositions ESI and 1121 □ 

Example 5.12. A consequence of Theorem 15.111 is that there exists nodes of the 
Calabi-Yau web which cannot be directly connected by means either of small g.t.'s 
or, even more, of conifold transitions. At this purpose it suffices to exhibit nodes 
connected by a type II g.t.. Let then y be a quintic threefold with a unique triple 
point, (f) : Y — > Y be the blow up of the triple point and y be a generic smooth 
quintic threefold. Then r(r,F,y)Js a type II g.t. of degree deg(T) = 3. Then 
universal families y oi Y and 3^ of F are nodes of the Calabi-Yau web with 

P{y) :- PiY) = b2{Y) = 2 > 1 = b2{Y) = p{Y) =: p{y) 

which cannot be directly connected by small g.t.'s. 

The interested reader in remanded to [41] for further examples of topologically 

distinct Calabi-Yau threefolds connected by type II g.t.'s. 

6. A FEW WORDS ABOUT TYPE III GEOMETRIC TRANSITIONS 

In the case of a type III g.t. T(Y, F, Y) many of the techniques applied for type 
II and small g.t's fail to be useful since Y does not admit isolated singularities. 

In the present section we will summarize some known result, essentially due to 
[80] , [42] and [12] , to outline a research program on this topic. 

First of all recall that, by Theorem 11.211 the birational contraction <j) : Y — > Y 
contracts an irreducible conic bundle E CY down to the smooth base curve C cY . 
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Assume, from now on, the conic bundle E to be smooth, ahhough many of the 
following considerations can be extended to the case when E has singular fibres 
(see [5D] Remark after Proposition 4.1, ^3^ Proposition (6.5) and [34 Theorem 
1.3). 

Proposition 6.1. Let E <zY be a smooth conic bundle over a smooth curve C of 
genus g. Then 

(84) H\E,AfE\Y) = H°{C,ICc) ■ 

In particular if C is not a rational curve then E is not a stable submanifold of Y , 
in the sense of Kodaira j^ . 

Proof. Since F is a Calabi-Yau threefold the Adjunction Formula gives Ne\y — ^e, 
as already observed in Remark 13.61 Let tt : E — > C be the structural projection 
whose fibre is / = P^. Then 

Pic{E) = Z[Co] e TT* Pic(C) 

where Cq is a section of E (37^ §V Proposition 2.3). In particular the canonical 
divisor Ke is numerical equivalent to — 2Co + {2g + 2)1, giving Ke ■ I = —2 ( \T7\ 
§V Corollary 2.11). Then H°{1,ICe ® Oi) ^ i7°(Opi(-2)) = which globalizes to 
give BP'k^Ke — 0. The Leray spectral sequence 

El^" = HP{C,Wti,1Ce) =^ HP+\E,JCe) 

allows then to conclude that H^{E,ICe) — H'^{R^tt^,ICe)- The proof ends up by 
observing that 

R n^K-E — {R T^*K.E/c) ® ^c — ^c 

since R^tt^K-e/c — 7''*0_b — Cc by duality theory. D 

By the BTTR Theorem [10], [76], [77], [61], the Kuranishi space Def(y) is smooth 
and then a polydisc in Ty = H^{Y, Qy)- 

Theorem 6.2 ([80] Proposition 4.1). The locus T C Def(F) of deformations of 
Y for which E deforms in the family is a complex submanifold of codimension 
g = g(C). In particular g{C) < h^^'^iX). 

Sketch of proof. It is an application of Theorem 2.1 in [60j . In fact, given the 
immersion morphism i : E ^^ Y, observe that the space Tj defined in 11.41 can be 
identified with iJ^(0), where Q is defined by the exact sequence 

^e ^Qy ^A/^iy s-0 . 



Since Def(y) is a polydisc in T^ ^ H^{Y,Qy) the resuh then follows by ([M]! 
showing that the natural map H^{Qy) — > H^{J^e\y) is always surjective. For 
further details we remand the interested reader to the proof of Proposition 4.1 in 
[SO]. D 

6.1. Some deduction on conifold degeneration of a type III g.t. 

(1) If g{C) = then E = F{Opi <S) Opi(-2)) and it is a Kodaira stable sub- 
manifold of Y; in particular the type III g.t. T{Y, Y, Y) cannot admit any 
conifold degeneration: moreover we can only have E^ < 6 since for E^ = 7, 8 
the normal threefold Y turns out to be projectively un-smoothable ([34], 
Theorem 0.4). 
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(2) ([12] §9, 02] §3.4) If g{C) > 2 then it is possible to choose a non-trivial 
element s E H^{Me\y) — H^{l^c) which, by the natural surjection Ty = 
H^{Qy) -^ H^{AfE\Y)j generates a non-trivial first order deformation of F 
along which E is obstructed. Let pi, ■ ■ ■ ,P2g-2 be the 2g — 2 zeros of the 
section s E H^{K.c)- Then fibres U := TT^^{pi) , i — 1, . . . ,2g — 2 should 
deform along the chosen deformation of Y generated by s. This fact should 
give rise to a primitive conifold degeneration CT{X, X, Y) oJT{Y, Y ^ Y). In 
particular one should have bi-deg(Cr) — (1, 2g — 3), since CT is primitive 
and Sing(X) composed hy N = 2g — 2 nodes. It should then make sense to 
call CT a canonical model of the type III g.t. T . 

(3) li g{C) — 1 then every non-trivial section s E H^{JCc) = C is necessarily a 
never vanishing constant section. This should imply that T{Y, Y ^ Y) cannot 
admit a conifold degeneration. 

6.2. Degree of a type III geometric transition. The above considerations 
drive naturally to set the following 

Definition 6.3 (Degree of a type III g.t.). Let T{Y,Y,Y) be a type III g.t. with 

E := Exc(F — > Y) a conic bundle over a smooth curve C of genus g. Then set 

deg(T) := 2g - 3 . 

In particular T should admit a conifold degeneration if and only if deg(r) > 1: in 
this case the degree of T turns out to coincide with the degree of any canonical 
model CT of it, as defined in Definition 14.41 



This Definition ends up the program of attaching a degree to every primitive 
g.t. T in some sense describing the changing in topology induced by T. The given 
definitions of degree (and bi-degree, for non-primitive g.t.'s) look as the "more 
natural" definitions one could give in the different topological and geometrical con- 
texts. In fact, for type I and type III conifoldable g.t.'s, the degree turns out to 
be the number of complex moduli "added" by the considered primitive g.t.. This is 
actually not true for type II g.t.'s (see Remark 13. 5|) where we preferred to relate 
the g.t.'s degree with the degree of the del Pezzo exceptional divisor. Moreover the 
meaning of a non-conifoldable type III g.t.'s degree (it could be negative!) is not 
yet well understood. 
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